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Abstract 

f~^ . In this paper, we analyze a real- valued reflected backward stochastic differential equation (RBSDE) with 

OQ ' an unbounded obstacle and an unbounded terminal condition when its generator / has quadratic growth in 

$_^ . the z-variable. In particular, we obtain existence, comparison, and stability results, and consider the optimal 

stopping for quadratic g-evaluations. As an application of our results we analyze the obstacle problem for 
semi-linear parabolic PDEs in which the non-linearity appears as the square of the gradient. Finally, we 
prove a comparison theorem for these obstacle problems when the generator is convex or concave in the 
z-variable. 
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1 Introduction 

We consider a reflected backward stochastic differential equation (RBSDE) with generator /, terminal condition 
£, and obstacle L 

Lt<Yt=i + j f{s,Ys,Zs)ds + KT-Kt- j ZsdBs, t^[Q,T], (1.1) 

where the solution {Y, Z, K) satisfies the so-called flat- off condition: 

{Yt ~ Lt)dKt = 0, (1.2) 

and K is an increasing process. We will consider the case when / is allowed to have quadratic growth in the 
z- variable. Moreover, we will allow L and ^ to be unbounded. 

The theory of RBSDEs is closely related to the theory of optimal stopping in that the snell-envelope can 
be represented as a solution of an RBSDE. These equations were first introduced by [9]. The authors provided 
the existence and uniqueness of an adapted solution for a real- valued RBSDE with square-integrable terminal 
condition under the Lipschitz hypothesis on the generator. There has been a few developments after this seminal 
result. Some generalizations were obtained for backward stochastic differential equations (BSDEs) without an 
obstacle and later they were generalized to RBSDEs: 

1) [15j showed the existence of a maximal and a minimal solution for real- valued BSDEs, with square-integrable 
terminal condition when the generator / is only continuous and has linear growth in variables y and z. Then 
[15] adapted this result to the case of RBSDEs. 

2) [13] established the existence, comparison, and stability results for real-valued quadratic BSDEs (when / 
is allowed to have quadratic growth in the ^-variable) with bounded terminal condition. In the spirit of [21[ . 
the author gave a link between the solutions of BSDEs based on a diffusion and viscosity solutions of the 
corresponding semi-linear parabolic PDEs. [TB] extended the existence result of quadratic BSDEs with bounded 
terminal condition to the case that the generator / can have a superlinear growth in the y-variable. [14] made 
a counterpart study for RBSDEs with bounded terminal condition and bounded obstacle when the generator / 
has superlinear growth in y and quadratic growth in z. 

3) With help of a localization procedure and a priori bounds, [5j showed that the boundedness assumption on 
the terminal condition is not necessary for the existence of an adapted solution to a real-valued quadratic BSDE: 
One only needs to require the terminal condition has exponential moment of certain order. Correspondingly, 
[17] derived the existence result for quadratic RBSDEs with such an unbounded terminal condition, but still 
with a bounded obstacle. 

Recently, [5], under the assumption that the generator / is additionally convex or concave in the z- variable, 
used a so-called "0-difference" method to obtain comparison (thus uniqueness) and stability results for quadratic 
BSDEs with solutions having every exponential moment. Morever, 8 proved that uniqueness holds among 
solutions having a given exponential moment by using a verification theorem that relies on the Fenchel-Legendre 
dual of the generator. With these results they also showed that the solutions of BSDEs are viscosity solutions 
of PDEs which are quadratic in the gradient. On the other hand, f7] showed that these PDEs have unique 
solutions. 

In the current paper, we extend the results of [5], [8], and [7] to RBSDEs. Alternatively, our results can be 
seen as an extension of [M] and [17] to the unbounded obstacles. We start by establishing two a priori estimates 
which will serve as our basic tools; see Section [2l The first one shows that any bounded Y has an upper bound 
in term of the terminal condition ^ and the obstacle L. The second estimate is on the L^ norms of Z and K. 
With the help of these two estimates, we can establish a monotone stability result (see Theorem 13. 1[) in the 
spirit of [13]. Then the existence follows as a direct consequence; see Theorem 14. II 

Next, we apply the aforementioned ^-difference method to derive a comparison theorem (see Theorems 15.11 
and l5.2p for quadratic RBSDEs with unbounded terminal conditions and unbound obstacles when the generator 
/ is additionally convex or concave in the z-variable. Instead of estimating the difference of two solutions Y 
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and y, we estimate Y — OY for each 9 E (0, 1), which ahows us to utihze the convexity or the concavity of the 
generator /. In the concave-generator case, we prove a uniqueness result for RBSDEs using an argument that 
involves the Fenchel-Legendre dual of the generator, see Theorem 16.11 As opposed to 8_ (or [1]), we are not 
relying on a verification argument but directly compare two solutions. Since it only requires a given exponential 
moment on solutions, this uniqueness result is more general than the one that would be implied by the above 
comparison theorem. We develop an alternative representation of the unique solution in Section [71 where 
we improve the results of Theorem 5.3 of [2] on optimal stopping for quadratic g-evaluations. Moreover, the 
convexity/concavity assumption on generator / in the z-variable as well as the ^-difference method are also used 
in deducing the stability result (see Theorem 18 .ip . which is crucial for the continuity property of the solutions of 
forward backward stochastic differential equations with respect to their initial conditions; see Proposition 19. II 
This result together with the stability result gives a new proof of the flow property; see Proposition 19.21 A 
Picard-iteration procedure was introduced to show this property for BSDEs with Lipschitz generators, see e.g. 
Theorem 4.1 of 10 . However, it is not appropriate to apply such a Picard-iteration procedure to derive the 
flow property for quadratic RBSDEs. 

Thanks to the flow property, the solution of the RBSDE is a viscosity solution of an associated obstacle 
problem for a semi-linear parabolic PDE, in which the non-linearity appears as the square of the gradient; see 
Theorem 19.11 It is worth pointing out that [8] shows the existence of a viscosity solution to a similar PDE 
(with a quadratic gradient term) without obstacle by approximating the generator / from below by a sequence 
of Lipschitz generators under a strong assumption that /~ has a linear growth in variables y and z. However, 
such a strong assumption is not necessary if we directly use the flow property to prove Theorem 19.11 Finally, 
we prove that in fact this obstacle problem has a unique solution, which is a direct consequence of Theorem l9.21 
a comparison principle between a viscosity subsolution and a viscosity supersolution. Although inspired by 
Theorem 3.1 of 0, we prove Theorem 19.21 in a quite different way because there are two gaps in the proof of 
Theorem 3.1 of [7], see Remark I^TTl 

1.1 Notation and Preliminaries 

Throughout this paper we let B he a, d-dimensional standard Brownian Motion defined on a complete probability 
space (n, J^, P), and consider the augmented filtration generated by it, i.e.. 



{j-t=a(a(B,;s€ [0,i])uAA)}^ 



where M is the collection of all P-nuU sets in T. We fix a finite time horizon T > 0. Let 5o,t be the collection 
of all F-stopping times v such that < i' < T, P-a.s. For any i' e Sq^t, we define S^^t = {''"£ 'So,t \ i^ < t < 
T, P-a.s.}. Moreover, we will use the convention inf{0} — oo. 

The following spaces of functions will be used in the sequel: 

1) Let C[0,T] denote the set of all real- valued continuous functions on [0,r], and let K[0,r] be the subset of 
C[0, T] that consists of all real- valued increasing and continuous functions on [0, T]. For any {£t}t£lo,T] € C[0, T], 

we define £f = sup (it)^. Then 
«e[o,T] 

4= sup \et\= sup {{it)- W {et)+) ^ sup (£t)~V sup (£,)+= CV£+. (1.3) 

te[o,T] te[o,T] t6[o,T] te[o,T] 

2) For any sub-cr-field ^ of J-" , let 

• LP{G) be the space of all real-valued, ^/-measurable random variables; 



• 



hP{g) = {e e L°(a) : lieilLp(e) - {e[\^\p] Y <^} for all p e [1, oo); 
L°°(5) = |e e L"(g) : ||e||L~(e) = esssup \a^)\ < ooj; 
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• h%g) = |e e L"(g) : E[eP\^\] < oo, Vp G (1, oo)}. 

3) Let B be a generic Banach space with norm | ■ |b- For any p,q & [1, oo), we define three Banach spaces: 

• Lp'([0,T];B) denotes the space of all B- valued, F-adapted processes X with 



|-^IIlP-''([0,T];1 



A 



E 



(/o" 



xAUtV 



< oo; 



A 



• H^''^([0,T];B) (resp. HP''^([0,T];B)) ^ {X e h^'^{[0,T];M) : X is F-predictable (resp. F-progressively 
measurable) } . 

When p — q, we simply write Lp, Hp and Hp for Lp^, Hp^ and Hp^ respectively. Moreover we let 

• EIP''°''([0, T]; B) (resp. H^''°'=([0, T]; B)) denote the space of all B- valued, F-predictable (resp. F-progressively 
measurable) processes X with J^ |Xt|jdi < oo, P-a.s. for any p g [l,oo). 

4) Let Cp [0, T] be the space of all real- valued, F-adapted continuous processes. We need the following subspaces 
ofC°,[0,r]. 

.C^[0,r] = fxeC^[0,T]: ||X||c^[o.T]=esssup( sup |X,H|) < c^j; 



C^[0,T] ^\xe CO [0,T] : |lX|lc.[o.T] - < E 



sup \Xt\ 
te[o,T] 



< oo > for all p £ [1, oo) 



^f[0,T] = {X e C^[0,r] : X has finite variation}; 



A 



f[0,T] = {X e C^[0,T] : X is an increasing process with Xq = O} C VF[0,r]; 



A 



l[0,T] = {XeIKF[0,r] : XreLPiJ^T)} foraUpe [l,oo); 



^^^'[0,r] = {xeC^[0,T]: E 



p-^-^* _[_ g^ ^^ 



< oo^ c n 



For any A G (0,oo), we set E^[0,T] = Ep^[0,r]. For any X e C^[0,r], one can deduce from ((TH) that 



E\e 



\x,-\ 



E 



^\{x-vx+) 



E 



gAX- y ^XXt 



pG[l,oo) 
'F 

<E 



[0,r] for all A, A' e (0,oo). 



gAX- ^ ^XXt 



< 2E[e^^'] 



(1-4) 



which implies that E^[0,r] ^ {X e C^[0,r] : E [e^^*] < oo}. Moreover, for any p e [l,oo), we set §^[0,r] 
EP[0,T] X lf/P{[0,T];R'^) x KP[0,T]. 



A 
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Let 3^ denote the F-progressively measurable cr-field on [0,T] x Jl. A parameter set (^, /, L) consists of a 
random variable ^ € 1,°{J^t), a function / : [0, T] x f7 x M x R'' -^ R and a process L e C^[0, T] such that / is 
^ X ^(R) X ^(R'')/^(R)-measurable and that Lt < C, ^-a.s. 



Definition 1.1. Given a parameter set (^, /, L), a triplet {Y,Z,K) S Cp[0,T] 



n2,loc 



([0,T];R'^) xKf[0,T] is 



called a solution of the reflected backward stochastic differential equation with terminal condition f , generator 
f, and obstacle l\rBSDE (^, /, L) for short), if ([HI]) and dO]) hold P-a.s. 



A function / : [0,r] x rj x R x 
dt (E) dP-a.e. that 



is said to be Lipschitz in (y, z) if for some A > 0, it holds 



|/(i,a;, 2/1, 6*21) - /(i, w, 2/2, 2:2)! < A(|j/i - ^2! + |zi - ^2!), Vyi,2/2 € M, Vzi,Z2 € M''. 

The theory of RBSDEs with Lipschitz generators was well developed in the seminal paper [5]. In this paper, 
we are interested in quadratic RBSDEs, i.e., the RBSDEs whose generators have quadratic growth in z in the 
following sense: 
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(HI) For three constants a, /3 > and 7 > 0, it holds dt ® dP-a..e. that 

|/(i,c^,2/, z)\<a + /3|y| + ^\z\^ y{y,z)eRx Mf 

In what follows, for any A > we let c\ denote a generic constant depending on A, a, (3, 7 and T (in particular, 
Co stands for a generic constant depending on a, /3, 7 and T), whose form may vary from line to line. 

2 Two A Priori Estimates 

We first present an a priori estimate, which is an extension of Lemma 3.1 of J17j . 

Proposition 2.1. Let (^, /, L) be a parameter set such that f satisfies (HI). If (Y, Z, K) is a solution of the 
quadratic RBSDE{S_, f, L) such that Y'^ G C^[0,T], then it holds P-a.s. that 



Yt <CQ + -\nE 

7 



,7e«^(C+VL+) 



Tt 



ie[0,T]. (2.1) 



Proof: In light of Ito's formula, {Y,Z,K) e Q[0,T] x m^^°''{[Q,T];W^) x Kf[0,T] with Y+ e <Cf[Q,T] is a 
solution of the RBSDE(^, /, L) if and only if 

{Y,Z,k) = {e^^,-ie^^Z,-ige-^^^dKs) G C^[0,T] x H^''°^([0,T];R'*) x Kf[0,T] 
is a solution of the RBSDE(eT«, /, e'^^) with 

f{t,cj,y,z) = l{,>o} iiyf U^^^-^^ ^) - Yj\ ^(^'^'2^'^) e [0,T] X O X M X M^. 

Let /i = a7 V /3 V 1. One can deduce from (HI) that dt ® dP-a.e. 

f{t,io,y,z)<Hiy)^y{^i + (3\ny)l^y>i]+^il[y<^, V (y, z) G R x Mf (2.2) 

Clearly, H{-) is a strictly positive, increasing, continuous and convex function with L „} , dy = 00. 
For any x G R and T G [0,T], the ordinary differential equation (ODE) 

cb{t) ^e^^+ f H{q^{s))ds, t G [O, T] 

can be solved as follows (cf. 3 )■ 

(i) When x>0: 4>fix) = exp {^(/^(f - i) + 7a;e^(^-*)}, where ^{s) = s^l^^^pj + sl{^^o}, Vs G [0,r]; 

~ ( e'"' + fi{f -t) <l + ii{f -t)< e'^(^-*) < e^'^(^-*), if e^^ + ^L{f - t) < 1, 

(ii) When x <Q: mix) = < r /~ t^^ i\~l /-? *\ ,~ ^ 

^' ^'^ ' I cxp|^^fr-t + ^^^j| <e^'^(^-*) if eT^ + M(r-t) >1. 

One can check that 

(01) For any a; G R and T G [0, T], t — >■ (ffix) is a decreasing and continuous function on [O, T] ; 

(02) For any a; G R and i G [0,r], T — >■ (/)'f{x) is an increasing and continuous function on [t,T]; 

(03) For any 0<i<r<T, a;— > 4>t{x) is an increasing and continuous function on R; 

(04) For any a; G R and < i < f < T, 0f(a;) < exp {^Jiip{T) + 7x+e''^}. 

Let 51 = {w G r^ : Lt{oj) < ^(w) and the path i — > Lt{uj) is continuous} G J^, which defines a measurable 
set with probability 1. Fix w G 51. Theorem 6.2 of [17] shows that the following reflected backward ordinary 
differential equation 

^^L,(u) < ^^(^) ^ g7C(<^) + /■ H{A,{uj)) ds + A:t(w) - /ct(a;) , t G [0, T] , 

(A,,(w)-e''-^=("))dA:,(w) = 
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admits a unique solution (A. (cj), fc.(a;)) G C[0,T] x K[0,T], which satisfies 

AtH= sup f / iJ(A,H)dr + e''«(")l{,^T}+e^''^^"^l{s<T}) - sup u^H, t e [0,T], 

selt.T] \Jt J sG[t,T] 

where {u*(a;)}rg[o,s] is the unique solution of the following ODE 

<(u;) = e^«(") 1{,=T} + e^^=(") 1{,<t} + y^' ff «(u;))da, r e [0, s]. 
To wit, u%{i^) = 4>%[i{uj) l{s=T}+is(w) l{s<T})- Then it follows from ^^ and (04) that 

< eT-^'(") < At(w) = sup <(w) <exp|^(^(r)+7e'^^(C+(a;)VL+(w))|, fe[0,r]. 
se[t,T] '- > 

For any < ti < t2 < T, one can deduce from (12. 3p and (01) that 

Atj(a;)= sup u|^(a;)> sup ul^(u:)> sup u|^(a;) = Atjw), 

sG[ti,T] se[t2:T] se[t2,T] 



(2.3) 



(2.4) 



(2.5) 



Thus t — )■ At(a;) is a decreasing and continuous path. Moreover, for any t G [0,r] (|2.3p and (02) imply that 

At(w)= sup u?(w) = sup|M?(a;):sG ([i,r)nQ)u{r}|. (2.6) 

se[t,T] •- -• 

For any s G [0,r], since fl{s=T} +-^s1{s<t} is an J^j-measurable random variable, the continuity of function 
0f(-) by (03) implies that {uKw)}^ j^ — 0f (^Ijs^t} + -^s1{s<t}) is also an J^s-measurable random variable. 
Thus we can deduce from (|2.6p that for any t G [0,T], the random variable Aj is J-r-measurable (however, not 
necessarily J^j-measurable). 

Now, let us introduce an F-adapted process ft = -E[if (At)| J"t], t G [0, T\. Since A is a decreasing process by 
(|2.5p . and since i/(-) is an increasing function, it holds for any < i < s < T that 

E\U\Tt\ = E[H{As)\Tt] < E[H{At)\Tt] = ft, P-a.s. 

which implies that f is a supermartingale. As Y+ G C^[0,r], it follows that {£,+,L+) G L°°(J't) x C^[0,T]. 
Then the continuity of process H{A.), (|2.4I) and the Bounded Convergence Theorem imply that 

E[ft] = E[H{At)] = \imE[H{As)] = limS[f,], t G [0,T]. 

Thanks to Theorem 1.3.13 of ^12] . f has a right-continuous modification f. Hence, we can regard f as a generator 
that is independent of {y,z). It follows from Fubini's Theorem, Jensen's inequality as well as (12. 4p that 



E \fs\ ds 



E 



fs 



ds^ I E[\U\^]ds< f e\e[\H{As)\^\Ts] 



ds 



E[\H{As)\'^]ds <oo. 



Since e^^ G L°°(Jt) and e'''^ G C^[0, T], Theorem 5.2 and Proposition 2.3 of ,9, show that the RBSDE(e''«, f, e'^^) 
admits a unique solution {y,Z,JC) e C|[0,r] x H|([0,r];R'') x K|[0,T] and that for any t G [0,T] 



yt = esssup E 



f,ds + e'^«l{,^T} + e^^a{,<T} 



^t 



P-a.s. 



(2.7) 



For any t G [0, T] and r G St.r, Fubini's Theorem implies that for any A ^ Ft 



E 



1a / fsrfs 

■T 



E lAl{s<T}fsds:^ / E 1a1{s<t}U ds^ E [lAl{s<T}fs] ds 
J E[lAl{,<r}E[H{As)\T,]]ds^ J E[E[lAl{s<r}HiA,)\Ts]]ds 

/T pT r pT 

E[lAl{s<r}H{A,)]ds = E lAl{s<r}H{A,)ds = E 1a H{As)ds 
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Thus E 



J[ U dslJ't = E [J[ H{As)ds\J't] , P-a.s. Then dUT]), (ES]) and ^^ imply that for any t e [0, T] 






yt = csssup E 



<T} 



Tt 



^ t 



<C*, P-a.s. 



(2.8) 



with C* = cxp < fiip{T) + je^"^ ( II^+Hloo^jt^) V ||i^||c°=[o,T] ) f • By the continuity of process 3^, it holds P-a.s. that 
< eT^' <yt< e^^(^)£; [eT^'^«^^^^)|j-tj < C*, ^ G [0,T], (2.9) 

which shows that y e C^[0,r] with ||3^||c~[o,t] < C**- 

To finalize the proof, it suffices to show that P [Yt <yt, Vt e [0,r] J =1. To see this, we fix n € N and 
define the F-stopping time 

r„ =inf |te [0,r] : / \Zs\^ds > n\ AT. 
Clearly, lini 'f Tn —T, P-a.s. Applying Tanaka's formula to the process {Y — y)^ yields that 



iYr„M - 3^r„At)+ = (>V„ " 3^rJ+ + / 1 ^y^^y^y{f is,Ys, Z ,) - Q ds + / l^y^^y^^{dKs ~ dlC,) 

JTnAt JTnAt 

- I " ^{Y.yy.}^^^ - ^-)^^- -\ r ^^-' * ^ [0,r], (2.10) 

where £ is a real- valued, F-adapted, increasing and continuous process known as " local time" . 

Since the function i?(-) is increasing, continuous and convex, Jensen's inequality and (j2.8p show that 

B{%)-U<ii{Ys)-il{E\A,\T,\) <Ti{Y,) - H{y,) <CH\Ys~ys\. se[0,T], (2.11) 

where C^j is the Lipschitz coefficient of function -ff(-) over -^ x e M : |a;| < ||^||c=°[o.t] V ||3^||c°°[o.t] \- Moreover, 
the flat-off condition of (F, Z, K) implies that 

\,y ^y .dKs = / l|,-,L_y >v idKs = 0, P-a.s. (2.12) 

Jo s SJ 

Taking the expectation in p.lOp . we can deduce from p.2p . Fubini's Theorem, (|2.11[l and p.l2p that 



E 



{YT„At — 3^r„At) 



- E 



{Yr„ - yr„ 



< E l|,<,„}l^p^^3,j(/(s,n,Z,)-f,)ds< / E l^,<,^yl^y^^y^^{HiYs)-is) 



ds 



< Ch E 



^{s<r,.}^{Y^>y^}iYs~ysr 



ds<CH E 



(1V„AS - 3^r„As)+ ds, te[0,T]. 



Then Gronwall's inequality shows that for any t e [0, T] 



E 



[Yr^At — 3^T„At) 



< e'^«^£; 



iYr„ ~ 3^r„ 



As n — >■ oo, the continuity of processes Y, y and the Bounded Convergence Theorem imply that 



E 



[Yt-ytV 



= 0, thus Yt<yt, P-a.s. 



Using the continuity of processes Y and y again, we obtain P ( 1* < 3^t, Vt G [0, T] j = 1, which together with 
(EH) leads to (1231). D 

For a solution {Y, Z, K) of a quadratic RBSDE(^, /, L) such that L^ and Y^ have exponential moments of 
certain orders, the next result estimates the norms of {Z, K) in Hp ^([0, T];W^) x Kp[0, T] for some p e (1, oo). 
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Proposition 2.2. Let (^, /, L) be a parameter set such that f satisfies (HI). If {Y, Z, K) is a solution of the 
quadratic RBSDE{£,J,L) such that Y £ Ep'^^^''^[0,r] for some A, A' > 1 with j + j7 < 1, then 



E 



Proof: We set po 



\Zs?ds\ +KP 



< CA,A',p E 



e^^y,- + e^'7n+ 



< oo, Vp G 1 



AA' 
A + A' 



A 



AA' 



p(A+A') 

A . 



A 2 > 1 and define F-stopping times 



inf it e [0,T] : / e-P''''^'\Z,\'^ds > n\ AT, Vn G N. 

Since ^[e^'''^-"] < oo and Z e Hp''°'^([0,r];]R''), it holds P-a.s. that Y- + J^ \Zs\'^ds < cx). Then it follows that 

/ e-^-'-^^^\Z,\'^ds<eP-'-^^-' / |Z,|2ds<oo, P-a.s, 
Jo Jo 

which implies that for P-a.s. a; G 17, there exists an n{uj) e N such that Tn(uj){^) = T. For any n € N, applying 
Ito's formula to the process e^^"''^ and using the fact that 



a + I3x < a V 



/3 



(Po - Poh 



.yo~pohx^ vx > 0, 



we obtain that 



1 







P.yyo + Lp2^2 e-P^,y.\Zs\'ds 
^ Jo 

= e-P°^^- - p„7 r e"^°^''=/(s, n, Z,)ds - Pol C" e-^^^'^'dK, -K p„7 /"" 6"^°^^= Z,di?, 

Jo Jo 

poyys+iPl~Poh\ys\ds +Ip^j^ [^\-poyy^\z,\^ds 

P-a.s. 



< eP"'^^- 

+Po1 



e-'-+Po7(aV^^;j^^jy^ e _„^ .^ ^^ 



"^^^Z.dB. 



(2.13) 



Observe that 

g-Po7n+(p^-Po)7l>'al(is < / e-Po'^^i^-<°i^^ds< I eP-'^^i^^<°i^=' ds < TeP-^^'^ , P-a.s. 



/O v'O Jo 

which together with the Burkholder-Davis-Gundy inequality and (|2.13p implies that 



E 



-poiys\z\^ds 



^Pa 



< cx,\',p E 

< cx,\',p E 



=A7n" 



e-Po-iy^Z.dB, 



>'Pa 



e^Tn- + e^^y,- 



"^^^iZJ^ds 



f^Po 



.^7^." 



'-E 

2 



Since E 



(j-e-P„7V.|^^|2^,) 



^Po 



< oo, it follows that E 



71 — > oo, the Monotone Convergence Theorem gives that 



-P°^^MZ,Pds 



^Po' 



^Po 



{r^"e-P^''^^\Z,\^dsy''" <cx,x'^pE 



.>-iy; 



As 



E 



olYs\7 |2 



z^rds 



< cx,x',p E 



^X-yY; 



3. A Monotone Stability Result 



Observe that ^ < ^ < A'. Thus, 


applying Young's inequahty 


with 


P = 


A^kp ^'^^ "^ = pIp y^*^^^^ *^^* 


E 


/ \Zs\^ds 


<E 


gPoP7y.+ 


\ Jo / 










L \ - /J 

< CA.A'.p E 


>-Pov Y+ I 

v 


\ /J 
"'0 / 


< 


CA,A', 


pi? 


gA^i-r+e^'^^*^' 


< oo. (2.14) 



On the other hand, since Y^, <Y^, + Y^^ , it holds P-a.s. that 

Kt = Yo^i- f fis,Ys,Z,)d.3+ f ZsdB, 

Jo JQ 

< aT+{2 + pT){Y-+Y+) + l f \Zs\^ds+ f Z.dB^ 

^ Jo Jo 

Then Burkholder-Davis-Gundy inequality and (|2.14l) imply that 



E[KP] < CpE 



1+(Y-Y+(Y+Y- 



iZJ'ds 



< c\.y,p E 



e^fy.- + e^'^^+ 



iZJ'ds 



iZJ^ds 



< c\,x',p E 



,^-fy.- + e^'^n- 



< oo. 



n 



3 A Monotone Stability Result 

Theorem 3.1. For any n G N, let {(^n, /«, i")}„gp, be a parameter set and let [Y"^ , Z"" , K"^) € Q[0,r] x 

Hp''°'^([0,T];K'^) X ]Kf[0,T] he a solution of the RBSDE{£_n, fn,L'') such that 

(Ml) All generators /„, n € N satisfy (HI) with the same constants a, /3 > and 7 > 0; 

(M2) There exists a function f : [0,T] x fl x R x R'^ -^ R such that for dt ^ dP-a.e. {t,uj) G [0,r] x Vt, the 

mapping f(t,uj,-,-) is continuous and fn{t,uj,y, z) converges to f{t,uj,y^z) locally uniformly in {y,z); 

and that for some L G Cp[0,T] and some real-valued, F-adapted process Y, either of the following two holds: 
(M3a) It holds P-a.s. that for any t G [0,r], {L"}„gN and {Y^^^n&i o,i"e both increasing sequences in n with 
lim t L" ~ Lt and lim t Y" = Yt respectively; 

(M3b) R holds P-a.s. that for any t G [0,T], {i"}„gN and {Y^^nen are both decreasing sequences in n with 
lim \. L^ — Lt and lim \. Y^ = Yt respectively. 



Denote ^t = {E\Y V L^ and Wt = [Y^Y V YY , Vi G [0,T]. If E ^ E 



jA7^. ^ gA'7S<. 



< 00 for some 



A,A' > 6 with y + x7 < ^, thenY e Ep"^^^ ''[0,r] and there exist {Z,K) G n Hp^^P([0, T];R'*) xK^[0,r 



pe(i,,^) 



such that the triplet {Y, Z, K) is a solution of the RBSDE(^, /, L) with ^ — Yt- 
Proof: Since it holds P-a.s. that 

-^t< L\ ALt< LI' < Yt" < Y^ V Ft < ^t, i G [0, T], Vn G N, 



The rest of the proof is divided into several steps. 



L)LetA„^5 + i(^-6)<^ 



1. It follows that po 



A 



AA' 



G 



(!.,&)■ 



(3.1) 



For any n G N, since 



E 



.^i^y"-)-, -LpAWCi'")! 



E 



<E 



gA7^. _|_ gA'7S<. 



AA'-A„(A+A') 

< CXI by p.ip , applying Proposition 12.21 with p ^ Po yields that 



\Z:\'ds 



K^ 



<cx,X'E 



o^iiY"):: _^gA'7(>'")+ 



< CA,A'S < C», 



(3.2) 
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which shows that {Z"}„gN is a bounded subset in the reflexive Banach space Hp *'" ([0, T]; M''). Hence Theorem 
5.2.1 of [25 imphes that {Z"-}n£n has a weakly convergent subsequence (we still denote it by {Z"}„£n) with 
limit ZeHp'^P°([0,T];R'^). 

Next, we show that this convergence is indeed a strong one in EIp([0,T];K''). In the second step, we will 
introduce a function that will be useful in establishing this goal and develop several inequalities which will play 
important roles in the sequel. 



A 



2) Define a function (j){x) = ^ (e^°'''l^l - Ao7|a;| - l) > 0, Vx G M. Fix n G N. For any m G N with m > n, 

(3.3) 



since |0'(a;)| = e^°^l="l - 1, a; £ M, it follows from dSH]) that P-a.s. 

10' (r," - y,")| < e^"-^!^""^*"! < e^°'^(^'+®''), t £ [0, T]. 
Applying Ito's formula to the process 0(F™ — F") yields that 

= (u - e.) + !</'' (rr - n") (/«(«, n™, ^s™) - Us, n", zr))ds 

+ 1 ^'iYr-Yr)idKT-dK^)-J ^'{Yr-YDiZT-Zl^dBs, te[0,r]. (3.4) 

First, we argue that the stochastic integral term in (13.41) is a martingale. Applying Young's inequality with 

AA' 



Pi = — , _P2 = T- and P3 = 1 

K Ao V Pi P2 



AA'-Ao(A + A') 
we can deduce from the Burkholder- Davis- Gundy inequality, p.3p . and (|3.2I) that 



Po, 



(3.5) 



.E 



sup 

<e[o,T] 



jy'{Yr-Yn{Zr-Z^)dBs <coE (£\^'{Yr-Yrf\Zr-Z^\^ds 



<coE 



se[o,T] 

< CA,A' ^ 



sup |0'(y^"-y»)|.(i+ / |zr-z: 

£fO,Tl V Jo 



ds 



gA„pi7.5f. _|_ gA^psT??'. 



Po-I 



ZT-Zl'?ds 



< CA,A'(1 + ^) < OO. 



(3.6) 



Thus Jp (p' {Y™ — YJ^) {Z]p — Z") dBs is a uniformly integrable martingale. Letting i = 0, taking expectation 
in (|3.4[1 . and using (Hi) we obtain 

i? [</.(yj" - v)] + ii? / </."(n™ - y:) \z^ - z:\^ds < e [^{^ - c„)] +e[ cj,'{y:^ - y,") [dx^ ~ dK:) 

^ Jo Jo 

+sj|'^|0'(rr-n")|(2«+/3|n™l+/?ln'N + ^7(2|^r-^rf + (Ao-2)|Z,-ZrP + (3 + ^)|Z,p)^rfs, (3.7) 

where we used the fact that \Z^'\'^ + \Z^\^ < 2\Zl" - Zl'\^ + 3\Z^\^ and that 

\z-\'<{\z,-z-\ + \z^\f<{i + ^)\z^-z-\^ + {i + j^^)\z^\'. 

Since it holds P-a.s. that 

\Yr - VI < \Yt - Yr\ < \Yt - r/l, t e [0,T], 

one can deduce from the monotonicity of functions (/) and \(j)'\ that P-a.s., (/)(^m ~ £,n) ^ 0(C ~ Cn) and 

U'(y™ - r,")| < U'(y, - r,")| < U'(y, - y,% t e [o,t]. (3.8) 
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< oo, 



Similar, it holds P-a.s. that 

\^'{LT -L^)\< \q^'{Lt ~ L^)\ < |0'(i, - Ll)l t e [0,T]. 
We also see from (|3.6p that 

i-T r i-T 

sup I 

sG[0,T] 

which together with p.7p . p.Sp and p.ip implies that 

E f (0" - 27|0'|) (r™ - r;') |zr - zi^\^ds < 2e [cj, (^ - e„)] + 2i? / 0' {Yr - YD {dK^ - dKl 

Jo Jo 



E f |0'(rr - 1;")| |zr - zi^i^ds < E sup |0'(rr - y;')| / \zr - ^,"pds 

Jo sGfO,Tl "'0 



(3.9) 



(3.10) 



(3.11) 



Now we estimate the second term on the right-hand-side of p. lip by two cases of assumption (M3). Assume 
(M3a) first. Since (f)' is an increasing and continuous function on R, the flat-off condition of (Y™, Z"\K"''), 
([3^ and ([SJ]) imply that 



E 



f <P' [YD - YD [dKT - dK^) <E f cj,' [YD - YD dK^ < E f ^' [Y^ - L^) dK^ 
Jo Jo Jo 

}0' {YD - L:) dKT ^E r l{y™.i™}0' (LT - L:) dKT 

Jo 



Jo 



{Yr=L'^ 



^ ^' C|° ^ [0,T] C^° ^ [0,T] 



(3.12) 



On the other hand, it holds for the case of (M3b) that 



E f ^' (YD - YD (dK^ ~ dK^) <-E f 0' (Lr - YD dKl^ 
Jo Jo 

^"rr.^ L")|| <CA,A'S5t||0'(L-L")|| ^^ 



-E j l{Y^^L^}^'{L^-L:)dK- 
Jo 



^ \\^T\\l^Pa{T^) 



'{i^: 



(3.13) 



3) Since the sequence |^/U'(y™ -y")|(Z'" - ^") | weakly converges to 



i)'{Y - F") I (Z - Z") in H|([0, T]; R''), 
which is proved in Subsection lA.il Theorem 5.1.1 ii) of [25^ shows that 



(3.14) 



E f |(/)'(n - YD I \Zs - Z^l^ds < \\m_E j \(i)' {YD ~ F") | l^f " Z]^?ds. (3.15) 



As Hp^P°([0,T];R'') C H|([0,T]; R''), the sequence {Z™}™>„ also weakly converges to Z in H|([0,r];M'') 
Applying Theorem 5.1.1 ii) of [25 once again, we can deduce from p.lip - (|3.13l) and p.l5p that 

Xo-/E f \Zs - Z'^l^ds <Xoj]h^ E f |Z™ - Z^l^ds 

Jo m^oo _/g 

= V^E j ((/." - \oi\<j>'\) {YD - YD \ZT - Zlfds ( •.■ 0"(x) - Xol\(^'{x)\ = A„7, Vx e R) 

= ^E j (0"-27i0'i) (rr-n")i^r-^ri''^s- (Ao-2)7 hm ii; / |0'(yr-n")|i^r-^rprfs 

< 2i? [0 (e - 60] + CA,A' S57 110' (L - L")|| 



[0,T] 



+£; / |0'(n - n")| (4a + 2/3(Jf, + ^,) + (3 + ^)7|Z,|2) 



ds. 



(3.16) 
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Since \o < ^\, , it follows that A' > j^zj-- Applying Young's inequality with p = j- and q 
deduce from (|3.1I) that P-a.s. 



A-A„ ' 



As E 



,X-fJ^, _|_ gA'7S<. 



(3.17) 

< cx), the continuity of function (p and the Dominated Convergence Theorem imply that 
lim;S[(/.(^-Cn)] = 0. (3.18) 



Next, we analyze the convergence of the second term on the right-hand-side of (|3.16p . In virtue of Dini's 
Theorem, it holds P-a.s. that lim sup ILj — L"| = 0. Then the continuity of function (p' implies that 



lim 

n— ^oo 



'te[o,T] 



h' sup |Lt-i"| 
\te[o,T] 



lim exp < Ao7 sup I Lt — L" I > — 1 

"^°° I te[o,T] I 



= lim sup exp {Ao7|Lt — i"|} — 1 = hm sup U'(Lt — L")|, P-a.s. 



It follows from fiSM that P-a.s 



sup \(j)' {Lt - L'Dl^'^ < sup \(t)' (Lt-LDl^"-', VneN. 
te[o,T] te[o,T] 

Applying Young's inequality with p = ^jr- and q = ^^^, one can deduce from p.ip that 



E 



sup \<P'{Lt~Ll)\-"-' 
te[o,T] 



= P 



< P 



sup |0'(it-Lji)|^°(^+^') 
te[o,T] 



< P 



sup e^W^I-^*-^*! 
te[o,T] 



eiTv^(^*+"^-) 



< CA,A'^ 



gA7^. + e^'^2^* 



< oo. 



The Dominated Convergence Theorem then implies that 

Um^P 

n—^oo 

Similar to (|3.19p . one has 



sup |0'(Pt-Pni^^ 
te[o,T] 



= 0. 



E 



sup |,^'(y,-F/)|-- 

te[o,T] 



< P 



gA + A' 



■7(^.+^.) 



< CA,A'^ < OO. 



(3.19) 



(3.20) 



(3.21) 



Now we will analyze the convergence of the third term on the right-hand-side of (|3.16p . We can deduce from 
3^ . ((3?T|) . as weh as ((X3)) that P-a.s. 

|</>'(ri-r,")|(4« + 2/3(^, + ^) + (3 + ^)7|^t|') <|0'(rt-r/)|(4a+4/3(if, + ^) + (3 + ^)7|^tp) 
< CA,A'|0'(r, - r/)|e(^-^°)^(^*+"^') + {3 + j^)j\<j>'{Y, - Y,')\\Z,\' 



< CA,A'e^+' 



■jtiset+m) 



(.^+jhh\^'^^t-^')\\Zt\', Vte[o,r], VneN. 



Young's inequality, p.l9p and p. 211) show that 



T , cT 



P / e^+^' 
/o 



di + p/ |0'(yt-r,i)||Zt|2di 

Jo 



<TP 



elTvT(^*+^-) 



cx\'E 



sup |0'(yt-y,i)|--^ 

«e[o,T] 



I^J'rfi 



< oo. 
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Then the continuity of function (j)' and the Dominated Convergence Theorem imply that 



hm E 



\cl>'{Ys - n")| (4a + 2/3(if, + ^,) + (3 + j^)^\Zs\^)ds = 0, 



which together with p.lSp and p.20p leads to that 



hm E 



\Z, - Z'^Vds = 0. 



(3.22) 



Therefore, the sequence {■Z^"}„£pf strongly converges to Z in H|([0, T];R'*). Consequently, Doob's martingale 
inequality implies that 





" 


/■* 




2 


lim E 


sup 


/ {z.^ 


-z:)dB, 




n— foo 


te[o,T] 


Jo 







0. 



(3.23) 



In the next step, we will show that Y G Ep'''' '''[0, T] 



4) We first develop a few auxiliary results. By (I3.22p . we can extract a subsequence of {Z"}„gN (we still 
denote it by {Z"}„gN) such that lim Z" = Zt, dt (E) dP-a..e. In fact, we can choose this subsequence so that 



A 



Z* = sup|Z"| e H|[0,r]; see [H] or [131 Lemma 2.5]. By (M2), it holds dt®dP-a..e. that 



nen 



f{t,cu,y,z)^ limU{t,io,y,z), V(y,z)eRxM^ 



(3.24) 



which together with the measurability of /„, n g N implies that / is also ^ x ^(R) x ^(R'^)/.^(R)-measurable. 
Moreover, we see from p. 241) and (Ml) that / also satisfies (HI). For dt®dP-a..e. (t,uj) G [0,T] x Q, the 
continuity of mapping f{t, uj, •, •) shows that 

lim \f{t,u:,Y,'\uj),Zl\uj))~f{t,uj,Yt{uj),Zt{Lo))\^Q. (3.25) 

On the other hand, (M2) implies that for dt ® dP-a..e. {t, ui) e [0, T] x fi, 

< lim |/„(t,^,r,"(w),zr(w))-/(t,^,r,"(^),zr(^))| 

< lmi^(^suv[\U{t,u,y,z) - f{t,io,y,z)\: |y| < |r,i(L.)| V |rt(w)| < oo, |z| < Z;(w) < (»}) =0, 
which together with p.25|) yields that dt (g) dP-a..e. 

lim \U{t,uj,Y,"{u;),Z^{u;)) ~ f{t,u;,Yt{u;),Zt{io))\=0. (3.26) 

Moreover, (HI) and (|3.ip show that dt (g) dP-a^.e. 



\Ut,Y[\Z^)-f{t,YuZ,)\ < 2a + mi+m\ + l{\Z?\' + \Zt\') 

< 2a + 2/3(^, + ^,) + |(|z;|' + |Zt|'), Vne 



(3.27) 



Let us assume that except on a P-nuh set ^, (IX^ . ((XTTl) hold for a.e. te [0,T] and ^^ + &<, + J^ {\z;\^+ 
IzA ) dt < oo. For any ui G ./K"^, the Dominated Convergence Theorem implies that 



lim / \f„{t,io,Y,^iu),Z^{Lu)) - f{t,uj,Yt{io),ZtiLo))\dt = 0. 



(3.28) 



For any n G N, integrating with respect to t in p. 271) yields that 



f |/„(i,c.,y,"(o.),Zr(c.))~/(t,c.,F,(c.),Z,(c.))|di<CA,A'e(^T^(^-("^+^-^"» + ^y' (|zr(c.)|' + |Z,(c.)| 



di. 
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Then it follows from (jHl^ and ([321) that 



\U{t,,Yr,Z^)-f{t,Yt,Zt)\dt 



< Cx,yE 



.^tC^.+S'.),^ 



\Ztfdt 



\ZA dt 



< ca,a'5 + ca,a'-E 



Po-| 



IzA^dt 



which implies that j (^/; | /„ (t, , F^" , Zf ) - / (t, F* , Z*) | di 
Hence, one can deduce from (|3.28p that 



< oo, VneN, 
is uniformly integrable sequence in L^(J^t). 



neP 



hm E 

n—^oo 



\fn{t,Y[^,Z!t)-f{t,Yt,Zt)\dt 



0. 



(3.29) 



Similar to p.l7p . it holds P-a.s. that 



As £; 



gA7^. _|_ gA'7S'. 



< cx), applying the Dominated Convergence Theorem, we obtain 



lim;£; 



(C-Cn) 



= 0. 



Since \(j)'{x)\ = e^°'^l^l - 1 > Ao7|a;|, x e M, one can deduce from ((3?20l) that 

limi ||L-L"|| ^ 

Moreover, for any p G [1, oo), p. II) and (I3.19P imply that 



limi ||L-L"|| _j^ =0. 

rn-cx) C|° ^ [0,T] 



-^ IIC^[0,T] - -^ 



gA + A 



■7(J5f. + S(.) 



<ca,a',p'=, VtigN. 

2 



(^* + ^0''J <CA,A',p£; 

Now for any to, n e N with m > n, applying Ito's formula to the process (X™ — F") yields that 

(rr ->;")' + / 



(3.30) 
(3.31) 

(3.32) 



zr - z^ f ds = (e„ - Cn)' + 2 / (rr - n") (/m (s, rr , ^d - /« (s, n" , ^")) ^^ 

+2 J {Yr-Y^){dKT-dKl^)-2J {Yr~Y:){ZT-Z:)dBs, fe[0,T]. (3.33) 

Let us estimate the term J^ {Y^ ~ Y'f^idK"^ — dK") still under two cases of assumption (M3). Assume (M3a) 
first. The flat-off condition of (y™, Z"\ if") imphes that P-a.s. 

/ {Yr-YDidKT^dK^) < f {Yr-U:)dKT = / {Vr-L:)dKT < K^ sup \L^'-L% t e [0,T]. 
Jt Jt Jt se[o,T] 

On the other hand, it holds for the case of (M3b) that P-a.s. 

/ {Yr~Y:^){dKT~dK^) < f iY:-LT)dK:^ = f (L^-L^dXr < K^ sup \LT-L% t € [0,r]. 
Jt Jt Jt se[o,T] 

Then (|3.33p . Holder's inequality, (|3.2I) . the Burkholder-Davis-Gundy inequality and p.32p imply that 

E 



sup \Yr-Yr\' 

te[o,T] 



<E[{Cm-U^]+2\\Y"^~Y^ ^^ ||/™(-,X"',Z.'")-/„(.,r",Z.")||_,i+^ 

C|°" [0,T] Hj,' 2 



([o,T];: 






sup \Yr-Yn 

tG[0,T] 



Z"-Z" ds 



< i? [iU - W] + cx,yE^ ||/„(., r™, Z™) - /„(•, F", Z.")|L, i+p, 
+CA,A'S^||L™-L"||^_^^^^^^-hcA,vS^||Z™-Z"||^.([„^^,^„.). 



([0,T];R) 
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Hence, we can deduce from p.29l) - (l3.31l) and p. 221) that {y"}„gN is a Cauchy sequence in C|[0,r]. Let Y 



be its limit in C|[0,T]. As lim | E 



0, there exists a subsequence {'T'i}pm of N such 



sup I Ft" - Yt\ 
.te[a.T] 

that Mm I sup IYj"' — YA — 0, P-a.s. Then the monotonicity of the sequence {y| ^f., by (M3) impHes that 

'^°° «e[o,T] ^^ 

hm ; sup Ir/' - ?t| =0, P-a.s. Thus it holds P-a.s.that Yt = lim F/' = Yt, \/t e [Q,T], which shows that 
processes Y and F are indistinguishable. To wit, y is a continuous process that satisfies 



lim; sup \Yt" - Yt\ ^ 0, P-a.s. 



(3.34) 



Since E 



jAt^" -I- e^'T"^."^ 



< E 



gA7.S?. _^ gA'73<. 



< oo by dnH), we see that F G Ep^'^'^[0,T] 



In the next step, we will construct a process K £ ]Kf[0, T] such that (Y, Z, K) is a solution of the quadratic 
RBSDE(C,/,L). 



5) Since y is a continuous process by step 4, 



Kt^Yo-Yt- f /(s, y,, Z,) ds+ f ZsdBs, t e [0, T] 
Jo Jo 



(3.35) 



defines an F-adapted, continuous process with Kq — 0. In light of (|3.29l) and (|3.23p . there exists a subsequence 
of {(y",Z")}^^gj^ (we stiU denote it by {(y", Z")}^^^^) such that P-a.s. 



lim ■ 

Tl— >00 



I /„ {t, y," , ZD - / (t, y* , Zt) \ dt + sup 

te[o,T] 



j\z^~Zs)dBs \ 



This together with p.34p leads to that 



lim sup IKI" ~Kt\ =0, P-a.s., 
"-*°° te[o,T] 



(3.36) 



which implies that K is also an increasing process. To wit, K e Kf[0,T]. Letting n — )■ oo in (|3.ip . we can 
deduce from (|3.35p that P-a.s. 

Lt<Yt=i+ I f{s,Ys,Zs)ds + KT~Kt- I ZsdBs, t£[Q,T]. 



6) It remains to verify that {Y, Z, K) satisfies the flat-off condition (|1.2p . For any p e [1, oo), similar to p.32p . 
p.ip implies that P-a.s. 

sup \Yt - y^"!'' < (^, + ^.y < CA,A',pe^^(^-+^*\ Vn € N. 
te[o,T] 

Then one can deduce from p.34p . (|3.19p and the Dominated Convergence Theorem that 



lim IE 



sup \Yt-Yt" 
tG[o,r] 



= 0. 



For any n € N, let us show that 



lim E [ {Yt- Lt)dK'^ = 



(3.37) 



(3.38) 



by two cases of assumption (M3) . Assume (M3a) first. One can deduce from the flat-off condition of (y " , Z" , K''' 
and ([321) that 

< E f {Yt- Lt)dKl' <E f {Yt- ^)dKl' ^ E f {Yt - Yt^)dK'^ 
Jo Jo Jo 



< Ili^rllLp. 



<CAv Sicily -y^ 



TIILP°(J^t)II^ ^ ^"11 -^ - ",-. n n r 
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Thus p.38p follows from p. 371) . On the other hand, it holds for the case of (M3b) that 

< E f {Yt~ Lt)dK^ <E f {Yr - Lt)dK^ ^ E f {L'^ ~ Lt)dKl 
Jo Jo Jo 



C^° ' [0,T] 



[O.T] 



Thus ((3:38)) follows from ((33T1) . 

Now fix an cj e il such that (|3.36p holds and that t — > Yt{io) — Lt(uj) is a non- negative continuous function 
on [0, T]. For any e > 0, there exists an N = N{uj) £ N such that 

0< / {Yt{w)~Lt{uj))dKt{uj)<e + ymj{uj){K^{iu)~K^^{iu)), 
"") j=i 

where mj{ijj) — min iYt{ijj) — Lt{u!)). Thus, it follows that 

„T N N 

0< / (Yt{uj) - Lt{oj))dKt{oj) < e + y" mJLu)(K'l (lo) - K'|^^{cu)) + 2 sup |X,"(w) - i^t(w)| V m,-(tj) 



j=i 



j=i 



AT 



< e + / {Yt{uj) - LtiLu))dKl'{uj) + 2 sup {Kl'iuj) - Kt{uj)\Y^ mj{uj). 



te[o,T] 



j=i 



As n — >■ cxD, we obtain 

< / (rt(w) - Lt(L^))di^t(L^) < e + lim /" (^((tj) - Lt(w))difr(w). 

Jo n— s-ooJO 

Then letting e — >■ yields that 

o< / (rtH-LtH)di^tH< lim / (yt(L^)-itM)dir,"H. 

Jo n— ^cxdJo 

Eventually, Fatou's Lemma and (13.38^ imply that 

0<E f {Yt^Lt)dKt<E lim [ [Yt - Lt)dK^ < Mm E [ {Yt - Lt)dKl' = 0, 

Jo n-i-oo Jo n^cxD J^ 

which leads to (|1.2p . 

7) In the previous steps we constructed a solution of the quadratic RBSDE(^, /, L), namely {Y,Z,K). Since 

y eEp^'^'''[0,T], Proposition O shows that {Z,K) e Hp'^P([0,r];M'^) xK^[0,r] for any p e f 1, ^^^V D 



4 Existence 

Theorem 4.1. Let {^,f,L) be a parameter set such that f satisfies (HI) and that 

For dt® dP-a.e. {t,uj) G [0,T] x Q, the mapping /(t,a;,-,-) is continuous. 



(4.1) 



If E 



.^fL- ^ gA'7e''^(4+VL + ) 



< oo for some A, A' > 6 with j + X7 < ^; then the quadratic RBSDE{£^, f, L) 
admits a solution {Y,Z,K) e D Ep^'^''^[0, T] x Hp'^P([0,r];]R'') x KP.[0,T] that satisfies (EH). 

In addition, if S.'^ V L* G L"^(J^t)j then this solution {Y,Z,K) belongs to §p[0,r] for all p G [l,cx)). More 
precisely, for any p G (1, oo) we have 



E[eP''^'] <E 

i-T 



oPlL, 



CnE 



„P7e'^^(C+VL + ) 



< OO, 



and E 



\ZsYds\ +KP, 



<CpE[e^P'<^''] <oo. 



(4.2) 
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Proof: Let i,n G N. For any a; G M, we define x' = x V (— «) and a;*'" = (a; V (— i)) A n. It is plain to check that 



{x') V(a;*'") <x- and (a;*)+ V (a;*'")+ < 



(4.3) 



Theorem 1 of [T3] shows that the quadratic RBSDE(^*'", /, L*'") admits a maximal bounded solution (F*^", Z''", 
iiT*'") eC^[0,T]xH|([0,T];M'*)xKF[0,T]. Then one can deduce from Proposition [O and (gS]) that P-a.s. 



L; < -{Ll^'^y < LY' < y/'" <co + -\nE 



.7e^^((r-")+V(L-") + ) 



J't 



<co + -lnMt, te [0,r], (4.4) 

7 



where Ah — E 



e7e^^(?+VL+)|_^^ 



Moreover, Proposition I A. 1 1 implies that P-a.s. 

Yt'+^^'' < y;^" < y;'"+\ t e [o, t]. 



(4.5) 



Now fix z e N. It is clear that i' G Cp[0,T] and that {Lj'"}„gN is an increasing sequence in n with 
hm t Lj'" = Lj for any t € [0,T]. We see from (|44)) and (|4?5|) that except on a P-nuU set .yii, {y/'"}„eN is an 

increasing sequence in n with an upper bound cq H — In Mt for any t G [0, T]. Thus, one can define a real- valued, 



A 



F-adapted process y/(a;) = 1/^^^) lim f >"/'"(w), (i,w) G [0,T] x fi. Note that on ^'^ 



y^ = hm t yy = lim t f '" = f • 



Letting n — > oo in (|4.4D yields that P-a.s 



(4.6) 



-Li <Y; <co + -\nMt, iG[0,r]. 

7 

By g31), Jf^^ = (Lt^y V (i?)" < -Lt", yt G [0,r]. Also, gll and g21) imply that P-a.s. 



(4.7) 



^/ = (y/'i)+ V (y/)+ < CO + - InM,, t G [0,T]. 



Then it follows from Doob's martingale inequality that 



E 



eA7^: + e^'73C' 



< E 

= E 



=A7i; 



=A7i; 



CA'S 



M 



A' 



< E 



=A7i; 



CA'^ 



M4 



,A'7e''^(?+VL+) 



< oo. 



(4.8) 



Thus Theorem O shows that Y' G lop 



J c TH'^7,A'7[Q^y] j^j^^j tj^g^^ ^j^gj.g gxist {Z\K') G n Hp'^P([0,T];R'^) x 

]Kf,[0,r] such that (y^Z*,i<f*) is a solution of the quadratic RBSDE (y^, /, L^). Moreover, letting n -> oo in 
(|i3)) yields that P-a.s. 



Yy-<YI, iG[0,T] 



(4.9) 



Clearly, {LJlieN is a decreasing sequence in i with lim J, ij = Lt for any t G [0,T]. We see from (|4.7p and 
(|4.9p that except on a P-nuU set ^, {l^*}igN is a decreasing sequence in i with a lower bound — i^" for any 
t e [0, T]. Thus, one can define a real- valued, F-adapted process yt(a;) — 1(cj(^,/K> lim i y/(w), {t, uj) G [0, T] x Vt. 
Letting i -> cx) in (|4.6p and (|4.7p yields that P-a.s. 



and 



Yt = lim ; y^ = lim I ^ = ?, 

-ir < ^'t < Co + - InMt, t G [0, T]. 

7 



(4.10) 
(4.11) 



Quadratic RBSDEs with Unbounded Obstacles 



18 



A 



By g31), Jff = (Ll) V L- < L-, V< £ [0,T]. Moreover, dH?]) and (|ilT]) imply that P-a.s. 



^ /'v'n + 



1 



^ = (r/)^ V Y+ < CO + - In Aft, i e [0, T]. 

7 



Similar to (14.81). one can deduce that E 



Theorem O and ([^11])) imply that Y e Ep''' ''[O, T] and that there exist {Z, K) e 



A7,A'7r 



< £; 



=A7i:; 



CX'E 



,A'7e^^(€+VL+) 



< oo. Then 



tr2,2p 



^"([0,^];] 



K^ [0, T] such that (F, Z, iC) is a solution of the quadratic RBSDE (f , /, L). 

Next, let us assume that ^+ Vi* G L^(J^t)- For any p e (1, oo), we can deduce from (|1.4p . (|4.1ip and Doob's 
martingale inequality that 



^[eP''^-] < E 
= E 



=P7X, I pP7K, 



< S 



= P7i, 



,E{Mt\ <E 



=P7i, 



C7) 



oP7i, 



CpE 



,P7e^^(«+VLj) 



<CpE 



^P7e'*^(4+VL.) 



< 00, 



which shows that Y G Ep''[0,r]. Finally, an application of Proposition 12.21 with X — X' — 3p leads to (|4.2p . D 



5 Comparison 

A function f ■.[0,T]xn> 



is said to be convex (resp. concave) in z if it holds dt (g) dP-a.e. that 



/(t,L.,y,0zi + (l-0)z2) 

<(resp. >)0/(i,c^,y,zi) + (l-0)/(i,oj,y,Z2), V (0, y) G (0, 1) x M, Vzi,Z2GM'^. (5.1) 



In the rest of the paper, we impose two more hypotheses on generator / which together imply (|4.ip . 
(H2) / is Lipschitz in y: For some k > 0, it holds dt (E) dP-a..e. that 

\f{t,uj,yi,z)-fit,u;,y2,z)\<K\yi-y2\, Vyi,2/2eR, ^zeR''. (5.2) 

(H3) / is either convex or concave in z. 

From now on, for any A > the generic constant c\ also depends on k implicitly. Inspired by the "0- 
difference" method introduced in [5], we obtain two comparison theorems for quadratic RBSDEs with unbounded 
obstacles. 

Theorem 5.1. Let {(_,f,L), {(_,f,L) be two parameter sets and let (Y, Z, K)(resp. {Y,Z,K)) be a solution of 
RBSDE{^J,L) {resp.RBSDE{iJ,L)) such that 

(CI) It holds P-a.s. that ^ < S, and that Lt < Lt for any t G [0,T]; 

(C2) E 



f^>^Y+ _^ gAY.- 



< 00 for all X G (1, 00) and K G IKp[0, T] for some p G (1, 00). 
For a, /3, K > 0, 7 > 0, if either of the following two holds: 
(i) f satisfies (HI), (H2), f is convex in z, and Af{t) = f(t,Yt,Zt) ~ f{t,Yt,Zt) < 0, dt®dP-a.e.; 

(a) f satisfies (HI), (H2), f is convex in z, and A/(t) = f(t, Yt,Zt) - f{t, Yt, Zt) <Q, dt® dP-a.e.; 
then it holds P-a.s. that Yt < Yt for any t G [0,T]. 

Proof: Fix 9 G (0, 1). We set U = Y — 9Y, V = Z — 9Z and define an F-progressively measurable process 



at = 1 



/, dit,Yt,Zt)-d{t,Yt,Zt) ' 

{Yt>0} \^{Y,=iY,} Yt-Yt '^^{Yt=Yt} 



k1 



{Yt<0<Yt} 



+ l{FtVYt<0} l{C/t#0} 



d{t,Yt,Zt)-d{t..9Yt,Zt 
Ut 



Kl{c/.=o} , te[0,T], (5.3) 
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where 5^ stands for / if (i) holds, and for / otherwise. It follows that At = L agds, t E [0,T] is an F-adapted 

process. By (H2), it holds dt (g) dP-a.e. that \at\ < k. Thus A^, = sup \At\ < /q |as|ds < kT, P-a.s. In light of 

te[o,T] 

(HI) and the convexity of "S in z, it holds dt (g) dP-a.e. that 
d{t,y,Zt)<9d{t,y,Zt) + {l-0):s(t,y,^]<9d{t,y,Zt) + {l-0){a+(3\y\) + 2ii^)\Vt?, Vy e M. (5.4) 
Given n G N, we define the F-stopping time 

r„ = inf lie [0,T] : / {\Zs\^ + \Z,f)ds > n\ AT. (5.5) 

Clearly, lim ^ r„ ~ T, P-a.s. Let Cg = ^^ „ . Applying Ito's formula to the process Tt = exp |Cee'^*[/f |, 
t e [0, T] yields that 

rr„At = r,„ + / Gsds + Ce Tse^^idKs - 9dKs) - Ce Tse^^VsdBs, t S [0, T], 

where Gt ^CeTje^' (f{t,Yt,Zt)-ef{t,Yt,Zt)-atUt'- \C,ee^'\Vt\A . Clearly, it holds di dP-a.e. that 

Gt < CeTte^* {s{t,YuZt) - d^{tXX)-atVt - 2iJ^\^^f) (5-6) 

whether (i) or (ii) holds. Moreover, let us show by 3 cases that 

Gt <7e2''^rt(a+(/3 + K)(y+ + ?r)), dt(S)dP-a.e. (5.7) 

1) For dt (g) dP-a.e. {t,uj) £ {Yt{Lj) > 0}, applying ((Ei)) with y = Ft, we can deduce from ((g?E| and (H2) that 

Gt < Certe^'{0^{t,Yt,Zt)-9S{t,Yt,Zt)~atUt + il-e){a + m\)) 

= Certe''*(iO-l)atYt + {l-0){a + /3\Yt\))<7e^"^rt{a+{(3+K)\Yt\)=je^^^Tt{a+{/3 + K)Y+). 

2) For dt (g) dP-a.e. {t,uj) e {Yt{uj) <0 <Yt{oj)}, applying ((0| with y = 0, wc see from ((O)) and (112) that 

Gt < Ce Tte^* (|5(i, F*, Zt)-;j(t, 0, Zt) \ +5(t, 0, Zt)-0S{t, Yt, Zt)+K{Yt-0Yt) -~^^\Vt\^^ 
< Certe'''{e\^{t,0,Zt)-Sit,Yt,Zt)\ + il-e)a-neYt^ <a7e2«^rt. 

3) For dt (K) dP-a.e. {t,uj) e {Ft(a;) V Yt{uj) < 0}, applying (fO| with y = F, we see from ([5^ and (112) that 

Gt < Ce Tte^* (;?(i, ^F*, Z*) - 0;?(i, F*, Z*) - ^p^l^tp) 

< Ce Tte^' (|;?(t, 0Ft, Zt)- J(i, Ft, Zt)| +5(t. Ft, Zt)-0;?(t, Ft, Zt) - 2(j^|l^t|2) 

< 7e2"^rt(a + (/3 + K)|Ft|) =7e2-^rt(a+(/3+K)Fr). 
Now, we define a process 

A=exp|7e'''^y (a+(/3 + «;)(F+ + i;-))ds|, te[0,r]. (5.8) 

Fix t e [0,T]. Integration by parts and (|5.7p imply that P-a.s. 

rr„At < A„Atr,„At < A„r,„ + Ce / " D,r,e^=di^, - Ce / " D,r,e^= V,dB,. (5.9) 
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eT-^'-^v+rfi^^ < i^Kt (5.10) 



Since it holds P-a.s. that Lg < Lg < Yg for any s £ [0,T], the flat-off condition of {Y, Z,K) implies that P-a.s 

/ DgrgdKg= [ l^Y^^L^^DgTsdKg < [ l.y^Y.DgTsdKs < I D 
Jo Jo Jo Jo 

with 77 = cxp l{/3+K)jTe^'''^Y- + {l + {P+K)T)je'^'''^Y+\. Holder's inequality and (C2) imply that 



exp • 



and E [DtT4 < E 
Then the Burkholder-Davis-Gundy inequality shows that 



< 00. 



(5.11) 
(5.12) 



E 





(■T„At 




sup 


/ DgVse^^VsdBs 


<coE 


te[o,T] 


Jo 





DrT^e^ 



\Vs\''ds 



< co^/nE [Dt^^,] < cx). 



(5.13) 



Thus JJ"" DgTsC "VgdBs is a uniformly integrable martingale. 

Taking E[ ■ | J'r„At] in dEl]), we can deduce from ([5TT0l) - (|5?T2l) that P-a.s. 

^T„Af<E[Dr,Tr„\Tr„At]+coCeE[r]KT\TT„At] =l{T„<t}DTjT„+'i-{T„>t}E[DrTr„\J^t]+coCeE[riKT\TT„At]- 
As n — > 00, the Dominated Convergence Theorem, (|5.12p and (15.111) imply that P-a.s. 



Tt<E[DTrT\Tt]+coCeE[nKT\Tt]<E 
which leads to that 



Dre'' 



Tt 



-cnCeE{^KT\T^<c^{\yC,e)E{^{\ + KT)\Tt_ 



Y ~ 0Y < 



i^lnflV^ 
f \ 1- 



-KT-At , 1 



i-^(co+ln£;[7?(l + XT)|-F,])e-«^-^S P-a.s 



(5.14) 



Letting 6* — > 1 yields that Yt — Yt< 0, P-a.s. Then the continuity of processes Y and Y proves the theorem. D 

Theorem 5.2. Let {(^,f,L), {(_,f,L) be two parameter sets and let (Y, Z, K){resp. {Y,Z,K)^ be a solution 
of RBSDE{^J,L) {resp.RBSDE{iJ,L)) such that (CI), (C2) hold. For a, (3, n > 0, 7 > 0, if either of the 
following two holds: 

(i) f satisfies (HI), (H2), f is concave in z, and A/(t) = /(i, Yt,Zt) - f{t, Yt, Zt) <Q, dt® dP-a.e.; 
(a) f satisfies (HI), (H2), f is concave in z, and Af(t) ~ f(t,Yt,Zt) — f{t,Yt,Zt) <0, dt<S) dP-a.e.; 
then it holds P-a.s. that Yt < Yt for any t G [0,7"]. 

Proof: Fix 9 e (0, 1). We set U = 6Y — Y, V = 9Z — Z and define an F-progressively measurable process 



at = 1 



{Yt>0} ^{UtyiO} 



d{t,eYt,Zt)-d{tSt,Zt) 



Ut 



{Ut=0} 



k1 



{Yt<0<Yt} 



''^{YtVYt<0} '^{Yt^Yt} 



d{t,Yt,Zt)~^{t,Yt,Zt 
Yt-Y 



k1 



{yt=Yt} ' 



te[o,r]. 



A ft. 



where 5" stands for / if (i) holds, and for / otherwise. It follows that At = /„ a^ds, t £ [0,T] is an F-adapted 



A 



process with A^ = sup \At\ < /q |as|rfs < kT, P-a.s. In light of (HI) and the concavity of ^ in z, it holds 

te[o,T] 
dt (g) dP-a.e. that 

d{t,y,Zt)>9S{t,y,Zt) + {l-e):sUy,^)>emy,Zt)-{l-e){a + (3\y\)-j^\Vt\\ Vy G M. (5.15) 
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A 



Given n S N, we still define the F-stopping time r„ as in (|5.5p . Let Qg = -j^rg-- Applying Ito's formula to 



A 



the process ft = exp {Cee'^'C/j}, i G [0,r] yields that 

where Gt = Ce f ^e-^* (ef{t,Yt,Zt) - f{t,Yt,Zt)-atUt ~ \C,ge^'\Vtf\ . Clearly, it holds dt (E) dP-fi.e. that 

Gt < Cefte^' (e5(i,y,,zO -;?(t,rt,ZO -atL^t- 2(j^|Ft|') (5.16) 



Gs ds + Ce Tse^^iedKs - dK,) - Ce / r.e-^^y.dS,, t e [0,r], 

T„At JTnfXt JT„At 



dt ® dP-a,.e. 



(5.17) 



whether (i) or (ii) holds. Moreover, let us show by 3 cases that 

Gt < 7e'"^f,(a + (/3 + k){Y+ + ?,-)), 

1) For dt <g) dP-a.e. (t,uj) € {Yt{uj) > 0}, applying (15.151) with y = Yt, we can deduce from (|5.16p and (H2) that 

Gt < CeTte^' {emYt, Zt)-S{t,9Yt,Zt)-j^\Vt\'^ 

<C9fte^'{\mYt,Zt)-Ut,0Yt,Zt)\+{l-e){a + m\)) 
< 7e2-^rt(a + {(3 + i^)\Yt\) = 7e"^^rt(a + (/3 + K)y+). 

2) For di (g) dP-a.e. {t,oj) e {Ft(a;) < < ?t(w)}, applying ((51B with y = 0, we see from ([^1^ and (H2) that 

Gt <CeTte^*(^e\^{t,Yt,Zt)~^{t^),Zt)\+e:s{t,Q,Zt)~:s{tXX)+>^{eYt~Yt)-.^^\^^) 

< Ce fte^'{\S{t, 0, Zt) - 5(<, Ft, Zt) \ + (l - e)a - nYt^ < aje^'^^ft. 

3) For dt (g) dP-a.e. (i, w) G {yt(w) V Yt{u!) < 0}, applying ((5?T5|) with y = Ft, we see from ([?T^ and (H2) that 

Gt < Certe^'{0dit,Yt,Zt)-ed{t,Yt,Zt)~atUt + {l-0){a+/3\Yt\)^ 

= Cgfte^'(^{l-e)atYt + il-9){a+p\Yt\)^ < ie^^^ft{a+{p+K)\Yt\) = -fe^^^ft{a+{P+K)Yf). 



Let D be the F-adapted process defined in 
((5T7)) imply that P-a.s. 



Fix t e [0,T]. Similar to (|5.9p . integration by parts and 



'-r„At JTnM 



D,T,e^^V,dB, 



(5.18) 



Y^ — AT 

Similar to (|5.10p . the flat-off condition of (Y, Z, K) implies that J^j DsTsdKs < tjKt, P-a.s. with rj = exp < (/? + 
K)7Te2''^r+ + (l + (/3 + K)T)7e2''^i;"|. Holder's inequality and (C2) imply that 

E[v{1 + Kt)] < ||^||^_i^^^^^(l+||XTL,(^^))<oo (5.19) 

< cx). Similar to (|5.13l) . the Burkholder-Davis- 



and E 



DtT, 



<E 



{Y+ + Y 



exp { {[(i + n)^Te"^T + Cee'^^) {Y+ + %-) } 

Gundy inequality shows that j" DgTsC 'VgdBs is a uniformly integrable martingale. Taking E\ ■ L7>„At] in 
(|5.18p and using the similar arguments to those that lead to (|5.14p . we can deduce from (I5.19P that 



6)y, -r, <i^ln(lV^ 



i-fl 



'KT-At, 1-fl 



(cQ+lnE[?]{l + KT)\J't])e-'''^-'^\ P-a.s. 



Letting 0^1 yields that Yt — Yt < 0, P-a.s. Then the continuity of processes Y and Y proves the theorem. D 

Using Theorem 14.11 Theorem 15.11 and Theorem 15. 2[ we obtain the following uniqueness result for quadratic 
RBSDEs. 
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Corollary 5.1. Let (^, /, L) be a parameter set such that f satisfies (H1)-(H3). If £,^ V L* G L'^(J^t); then the 
quadratic RBSDE{S^, f, L) admits a unique solution {Y,Z,K) in D §p[0,r] that satisfies (|2.ip . 

PG[1,cxd) 

Proof: The existence results from Theorem 14.11 Let {Y, Z, K) be another solution of the quadratic RB- 
SDE(C,/,L) such that {Y,Z,K) G §f,[0,r] for all p G [l,oo). One can deduce from Theorem O or Theorem 
15.21 that Y and Y are indistinguishable, which implies that 

= Yo-Yt^{Yo-Yt)= / {fis,Y„Z,)-f{s,Y„Z,))ds + Kt~Kt- / {Z, - Z,)dBs 

Jo JQ 

= f{fis,Ys,Z,)-f{s,Ys,Z,))ds + Kt-Kt~f{Zs-Zs)dB,, t e [0,T]. (5.20) 

Jo Jo 

Since the set of continuous martingales and that of finite variation processes only intersect at constants, one 
can deduce that Zt = Zt, dt (E) dP-a,.e. Putting it back into (|5.20p shows that K and K are indistinguishable. D 



6 A Uniqueness Result 

When the generator / is concave in z, we have the following more general uniqueness result than Corollarv l5.1l 
by a Legendre-Fenchel transformation argument, which was used in [5], [21 Section 7] and 1, Section 4]. 

Theorem 6.1. Let (^, /, L) be a parameter set such that f satisfies {H2) and is concave in z. Assum,e that for 
three constants a, /3 > and j > 0, it holds dt <E) dP-a.e. that 

/(i,c^,2;,z)>-a-/3|y|-||z|2, V(y,z)GMxK^ (6.1) 

Then the RBSDE{^,f,L) has at most one solution {Y,Z,K) G Ep^'[0,r] x Hp''°'^([0,r];R'') x IKF[0,r] with 
X G (7, 00) and X' G (0, 00). 

Proof: Suppose that the RBSDE(f , /, L) has two solutions { {Y\ Z\ K')}^^^ ^ C Ep '^'' [0, T] xHp''°'=([0, T];R'^)x 

Kf[0,T] with A, G (7,00) and A^ G (0,oo). We set A = Ai A A2 and A' = A'l A A'2. 

Clearly, — / is convex in z. For any {t,uj,y) G [0,T] x J7 x M, it is well-known that the Legendre-Fenchel 
transformation of f{t, uj, y, •): 

f{t,uj,y,q)^ sup((q,z)+/(i,w,2/,z)), VqGR'' 

is an RU {oo}-valued, convex and lower semicontinuous function. Let *Jt be the dt(E)dP-nu\\ set except on which 
([ETjl . ^^ and ((0|) hold. Given (i,a;) G W, /has the following properties: 

(1) By dSU, fit, Lu, y, q) > -a - /3|y| + ^|qp, V (y, z) G K x R^. (6.2) 
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(2) For any q G M.'^, if f{t,uj,y, q) < 00 for some y G M, then (H2) implies that for any y' G M, 

f{t,^,y',q) <oo and |/(i, w, y, q) - /(i, w,y', q)| < K|y - y'|. (6.3) 

(3) For any y G M, since — /(t, to, y, •) is convex on M"*, the conjugacy relation shows that 

-f{t,io,y,z)=sup{{z,q)-f{t,io,y,q)), VzgM'*. (6.4) 

qeR'' 

Moreover, the convexity of —f{t,uj,y, •) on M'^ implies its continuity on W'', thus 

/(t,a;,y,q)= sup ((q, z> + /(i, a;,y, z)), Vq G M'', 
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which imphes that / is ^ x ^(M) x ^(M'')/^(R)-measurable. 

(4) For any {y, z) G M x M'', let d{—f){t, uj, y, z) denote the subdifferential of the function —f{t, uj, y, •) at z (see 
e.g. [24]). It is a non-empty convex compact subset of q e M'' such that — /(t, to, y, z') + /(f, cj, y, z) > (q, z' — z) 
for any z' S K.'*, to wit, 

(q, z) + /(t, w, y, z) = sup ((q, z') + f{t, cj, y, z')) = f{t, uj, y, q). (6.5) 

Let z = 1,2. For any (t,w) £ m", we choose a q'{t,uj) e 9(-/)(i, w, y/(a;), ^^^(w)). By ([631) . 

f{t,uj,Yt'iu),q^t,Lo)) = {Zliuj),q\t.u)) + f{t,oj,Yt'iu),Zliu)) < oo. (6.6) 

Thanks to the Measurable Selection Theorem (see e.g. Lemma 1 of [3] or Lemma 16.34 of [11,), there exists an 
F-progressively measurable process cf' such that 

/(i,c.,y/(c.),Z,'(c.)) = /(t,c.,r;(w),qj(c.)) - (Z,'(c.),qJ(w)), V(i,w) e ?t^ (6.7) 

which together with (|6.2p leads to that 

/(t,c.,r/(c.),ZKc.))>~a-/3|y/(c.)| + i-|qKc.)|'-^(27|^K^)r + ^|qtHr), V(t,c.)eaT^ (6.8) 

Since (r%Z%ii:0 e Ep"^''[0,r] X Hp^'°'=([0,T];R'^) x Kf[0,T] solves the RBSDE(^, /, L), it holds F-a.s. that 



Y' 



\Zl?dt- 



f{t,Yi,Zl)dt 



< oo. 



Then it follows from ((O)) that 



^f \ql\^dt<f f{t,Yl,Zl)dt+{a + m)T + l j \Z\ 
*7 Jo Jo Jo 



' dt < oo, P-a.s. 



Next, let us pick up an iV e N such that 

T 



< ''' (1 - 1 

iV - 2/3(A + A') V7 A 



(6.9) 



(6.10) 



Let to = 0. For j e {1, • • • , N}, we set ij = ^ and define the process 



Ml-'-expf-J^ l^,>t^_^^qldBs ~ ^ 1^ l{s>t,^,y\ql\^dsY Vte[0,t, 



Given n € N, we define the F-stopping time 

ft 



> n} At 



ri ^ inf \t e [i,_i,t,] : ^ (IZ^^ + |Z,?|2 + Iq^l^ + \ql?)ds 
Clearly, lim ^ t^ = tj, F-a.s. by (|6.9p . and -^ M*f ^ is a uniformly integrable martingale thanks to 

n-s-oo ' L r„AtJ tg[0,tj] 

dQ^'-' A I ■ 
Novikov's Criterion. Hence, " = 7\f */ induces a probability Qli^ that is equivalent to P. Girsanov Theorem 

shows that {B^'-''" — Bt + J^ '^{f-_i<s<Tn'^s^^}te\o t 1 ^^ ^ Brownian Motion under Q^-' and 



E 



M'i XxiM'i 



En^.j 



^Q)i' 



InAf 



*j 



— -E^n'-J 



^dB]:'^- + 



1 T" l~-|2 

^\dB,-- / |q;| ds 



1 



*j-i 



|q:prf. 



«3-l 



1 

= 2^^ 



l?J'd5 



tj-l 



(6.11) 
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It is well-known that for any {x, /i) G R x (0, oo) 

Xfi < e^ + fi{lnfi— 1) < e^ + fi\n^, thus xfi = Xx— < e^^ + —[\n fi — ln\) , 



(6.12) 



which together with (|6.1ip implies that for fc = 1, 2 

= E 



^Q\i' 



sup {Y,^y 



< c 



where c^ ^ E 



MY"): 



^ " ' Similarly, 



sup (Y^)-Mi:^ 


<E 


\KY")-: 


'Tx^^^'^^ 


ytj-i 


ll'ds 





X^Q^^ 



InM'f -InA 



(6.13) 



A 



^Q)i' 



k\ + 



sup {Y,^) 

*e[o,*3] 



<^ + ^i^C,^ 



Ws?ds 



(6.14) 



We can deduce from (|6.7p . (16. 2p and Girsanov Theorem that 
i^;.,-i^- T" f{sX,Zl)ds+Kl,^-Kl^_- f" ZldB, > r {f{s,Y:,Z}-{ZlZ})ds~ 



ZldB, 



> 



fj {-a-P\Y:\ + l-\ql\')ds ~ J^^" ZldBl-^'\ P- 



a.s. 



(6.15) 



By Bayes' rule (see e.g., [HI Lemma 3.5.3]), ^^.^..[r/.J = E[Yt\_^Mif^J = E[Y;^_J. Then taking E^.^j in 
(|6.15p . one can deduce from (j6.13p and (16.141) that 
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Ulfds 



<E\n^_^\+EQ^. 



< E 



< S- 









sup |r/ 

te[o,tj] 



1 (3T f I 1 

2X^W\2X^2y)rQ'' 



sup (y;)- 

te[o,tj] 



qll'ds 






sup (Y^y 

te[Q,tj] 



A 



where ^= -KE 



,A'(F-) + 



^ + {1+ (3T)cl + I3TZ{, . It follows from dOTj) and H^JUh that 



2(^"a)^ 



M'i InM'f 



KM)%.[£ki^- 



< S. 



Ml'' 



-' lini _E 

n— >-oo 



Af' 



— - — — Ml'' induces a probability Q"^'' that is equivalent to P, 



In light of de la Vallee-Poussin's lemma, {M*/ } is uniformly integrable. Hence, E 

. . r 

which shows that M*'-' is a martingale. Thus 

and {BI'' — Bt + f^ l^s>tj^l}^lds} ,^, , is a Brownian Motion under Q''^. Then Fatou's lemma implies that 

4A7S 



Eq'.} 



m'ds 



^E 


Miff 


\Z\'ds 

1 


< lim E 

n— )-oo 


" Jtj-1 


^ds 


— hm Egi.j 

n— foo 


(|6.1ip shows that 




Eqi.j 


"inMj*:^" 


- 2^Q"^ 


Jtj-i 


< 


2A7S 

A-7- 



m'ds 



tj-i 



< 



A-7' 



3.16) 
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Now for any n G N, applying Tanaka's formula to the process (Y^ — F^) , we can deduce from (|6.4p . (|6.7p . 
the flat-off condition of {Y^,Z^,K^), ()6.6p . (|6.3p as well as Girsanov Theorem that 

fe^,-i;l J^=(y;„-r3.)^+ T i[y.^y.y{f{sX,zl)- f{s,Y,\z^))ds (6.17) 

3 3 3 

<(i;l-y^.) + /J I{^^i>y^2j(7(s,y,i,q2)-(zi,q2)-7(s,y,^q2) + (zf,q2))ds 

■^tJ^ Ai 

r" 1 Z"^"" 1 2 

+ / l{L^=y^i>y^2}diir3 - / l{y^i>y^2} (Z^ - Z^)dBs 

<(Y^,.~Y^X+^r liY,^>Y,^}{Yl-YXds- r l|y^l>y^.}(Zl-Z2)di32-^ iefe_i,t,], 



where £ is a real- valued, F-adapted, increasing and continuous process known as " local time" . Taking the 
expectation Eq2.j and using Fubini Theorem, we obtain 



Then an application of Gronwall's inequality yields that 



kEq2.j 



J ' l{,<,-.}l{y^i>y^2} (r/ - Y^) ^ds 



Eq2.j 



yl _ y2 



< e^^En2., 



K / Eq2.j 



(y\ - Y\ 

\ J 3 



{r; 



Y' 



ds, t £ [tj-i,tj]. 



te [tj-ut,]. 



(6.18) 



Similar to (|6.13p and (|6.14l) . one can deduce from (|6.12p and (|6.16p that 



En2.] 



sup (y,'-yA 

te[o,tj] ^ ^ 



<En2.j 



sup (F/)++ sup (F,2) 



<c.^+c,^+(^ + ^ji?g.. 



V 



q^Ns 



<oo. 



.te[o,tj] te[o,tj 

If Yf^. < Y^., P-a.s., as n — > 00 in (|6.18p . Dominated convergence theorem implies that for any t e [tj^i,tj] 



En2.j 



{Yl -Y^)"" =0, thus r/<rt^ P-a.s. 



(6.19) 



In particular, Yl,_ < Y^,_ , P-a.s. On the other hand, if Y^, < Yj^, P-a.s., interchanging (Y^, Z^, Z^) with 
(y^,Z^,Z^) and estimating under Q^-^ in the above arguments (from (|6.17p to (|6.19l) ) give that for any t E 
[tj-i,tj], Y^ < Y^ , P-a.s. Therefore, starting from Y^ — Y^ = i^^ P-a.s., we can use backward induction to 
conclude that for any t e [0,r], Y^ = Y^ ^ P-a.s. Then the continuity of processes Y^ and F^ shows that Y^ 
and Y^ are indistinguishable. Similar to the proof of Corollarv l5.1[ it follows that Z\ = Z^, dt (E) dP-a.e. as well 
as that K^ and K^ are indistinguishable. D 



Remark 6.1. This uniqueness result via Legendre-Fenchel transformation may not work for the convex- generator 
case: In fact, if the generator f is convex in the z-variahle {while requiring that it holds dt dP-a.e. that 
f{t,y,z) < a + I3\y\ + -jl^P, V (y, z) G M x W^j, we have to alternatively define 



A 



f(t,uj,y,q)^snp{{q,z)-f{t,uj,y,z)), V(i,w,2/,q) G [0,r] x^xRx 
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Correspondingly, equation (|6.15p becomes 



t J - 1 ri. 



ZldB, 



fisX\Zl)ds+Kl^-Kl^_,- 

-1 

" ((Z:,q:)-/(s,y^q:))ds +KI^-KI^_^-^ j^ ZldB, 



< 



(^a + l3\Y:\-^\qlf)ds+K:,-Kl^^- I ZldBl'^-", P-a.s., 



27' 



tj-i 



where {BY^'"^ ~Bt — L Ir^. <s<T^>1s'^'*}f=[n , 1 J-s a Brownian Motion under the probability Q]{-' , which is in- 
duced by ^^ = expr/g"" l{,>t,^^]Oi■sdBs~\ /J"" l{s>t,^^]\^\\^ds\ . Hence, E^^, J[j'_^ | q* ^ 



Eni.j 






, which in turn depends on E;^ij 



sup I Yg 



and E^i,j 



I[r. \zi?ds 



also depends on 



due to the the struc- 



ture of the quadratic RBSDE. If we estimate E^tj Jj " |Z]pd.s similar to (16.13^ . then E expjA/j" |Z]p(is| 
is supposed to be uniformly bounded in n E N for some A > 0. To wit, E exp {A/, ^ |Z|p(is} 
J.' \Zl\'^ds may not even in \J'{Ttj) for p > jrjr according to Provosition \2.SX 



< cx). However, 



7 An Optimal Stopping Problem for Quadratic ^f- Evaluations 



In this section, we will solve an optimal stopping problem in which the objective of the stopper is to determine 
an optimal stopping time r* that satisfies 



sup £lr[nr] ^Sl^^Ur,]., 



(7.1) 



where £^ is a "quadratic g-evaluation" (a type of non-linear expectation to be defined below), and 7?, is a reward 
process that we will specify shortly. 

Let g : [0, T] X 17 X M X R'' ^ M be a ^ X ^(R) x ^(R'*)/^(R)-measurable function that satisfies (H1)-(H3). 

For any r e So,t, It is clear that gr{t,u!,y, z) = l[t<T^g{t,uj,y,z), {t,uj,y,z) £ [0,T] x i7 x R x R'' is also a 
^ X ^(R) X ^(R'')/^(R)-measurable function that satisfies (H1)-(H3). Thus, we know from Corollary 6 of [5] 
that for any ^ G If{TT), the following quadratic BSDE 



Yt=i+ [ l[s<r}9is,Y,,Z,)ds- f Z,dB„ te[0,T] 
Jt Jt 



(7.2) 



admits a unique solution {Y^'i,Z^'i) in n E^[0,T] x Hp^''([0,r];]R''). Moreover, if ^ e L^(J^r), one can 
deduce that 



p(Yf^-^ = y^Ai Vi G [0, T]] = 1 and Z['« = l[t<r}Zj-^, dt (g) dP- 



(7.3) 



Definition 7.1. A "quadratic g-evaluation" with domain L,'^{J-t) is a family of operators \£^ ^ : L'^(J-V) k-> 
lf{F^)}^g ^ e such that £f,.,-[S,] — YJ'^ , V^ e L''(J>). In particular, for any ^ G L'^(J^t); we can define 
the "quadratic g- expectation" of ^ at a stopping time v G 5o,t by £^[^\T^] = £^rp[^]- 

The g-evaluation was introduced by [S^ for Lipschitz generators over L^(/"t)- Then [TB] extended the notion 
for quadratic generators, however, on L°°(J^t)- Thanks to Theorem 5 of l5l and the uniqueness of the solution 
(F"^'^, 2"^'^), the quadratic g-evaluation £l>^ introduced in Definition 17.11 has the following properties: 

(1) "Monotonicity": For any ^, r/ G L'^(J"t) with ^ > r], P-a.s., we have f^_T-[^] > ^^^[77], P-a.s.; 
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(2) "Time- Consistency" : For any i/i,i/2,t S 5o,t with i^i < ^^2 < t, P-a.s., and for any ^ G L'^(J>), we have 

(3) "Constant-Preserving" : If it holds rft dP-a.e. that (7(i, y, 0) = 0, Vy £ M, then for any ^ e L'^(J^i,), we have 

(4) "Zero-one Law": For any S, £ L'=(J"^) and A £ J"^, we have lAf^.^[lA<^] = 1^^^,^^], P-a.s.. Moreover, if 
g{t, 0, 0) = 0, dt (g) dP-a.e., then ^^,^[1^^] = l^^^^rK], P-a.s.; 

(5) "Translation Invariance": If g is independent of y, then for any ^ £ L'^(J>) and 77 G L'^(J^y), we have 
£^J^ + v]=Sa,J^]+r,, P-a.s. 

Now, we assume that the reward process TZ is in the form of 

Ut = l{t<T}Ct + l{t=T}^, t £ [0, T], (7.4) 

for some £ £ Cp[0,T] and ^ £ L°(J"t) with Ct < <^, P-a.s. One can regard C as the rmming reward and ^ as 
the final reward with a possible bonus. 

When^+V/:* G L^(J"t), the quadratic RBSDE (^, g, £) admits a unique solution (3^,Z,/C) in n §f[0'^] 

pG[l,oo) 

thanks to Corollarv l5.ll In fact, the continuous process y is the snell envelope of the reward process 7?. under 
the quadratic g-evaluation, and the first time process y meets process TZ after time t = is an optimal stopping 
time for (|7.ip . More precisely, we have the following result. 

Theorem 7.1. Let g : [0,T]xnxRxR'' ^R be a ^ x ^(M) x .^{R'^)/£!§{R) -measurable function that satisfies 
(H1)-(H3), and let TZ be a reward process in the form of (|7.4p . If i^ V £* G lf{J^T), then for any v £ Sq^t, 

y^ = csssupf^ \lZr\ =Sl , . [7^r.(,.)] , P-a.s., 

where y is the first component of the unique solution to the quadratic RBSDE{£^, g, C) and T*(i^) ~ inf |t G 
hT]: yt=TZt}£S,,T. 

This theorem extends Section 3 of [SD], it also extends Theorem 5.3 of [5] except that the continuity condition 
on the reward process TZ is strengthened. The proof of Theorem 17.11 depends on the following two comparison 
theorems for quadratic BSDEs, which generalize Theorem 5 of [5]. 

Proposition 7.1. Let f, f : [0,T] x n x R x W^ ^ R be two ^ x ^(M) x SSi^'^)! SSi^) -measurable functions, 
and let {Y, Z, V), (Y , Z, V) £ Q[0, T] x Hp''°'=([0, T];R'^) x Vf[0, T] solve the following two BSDEs 



Yt^Yr+f fis,Y,,Zs)ds + VT-Vt- J Z^dB,, iG[0,T] 



(7.5) 



It Jt 



and Yt^YT+ f fisX,Zs)ds + VT-Vt-f Z.dBs , t£[0,T] (7.6) 



respectively such that Yt < Yt, P-a.s., that 



E 



e * + e • 



<oo, VAg(1,oo), (7.7) 



and that for some 9q£[Q,\), V—9V is a decreasing process for any 9 £ {9o, 1). If either of the following two holds: 
( i) f satisfies (HI '), (112); f is convex in z; and Af{t) = /(t, Yt, Zt) - f(t, Yt,Zt) <0,dt® dP-a.e.; 
(li) f satisfies (HI '), (H2); f is convex in z; and Af{t) = f{t, Yt, Zt) ~ f{t, Yt, Zt) <0, dt(g) dP-a.e.; 
{where (HI') is an extension of (HI) in that the constant a is replaced by an Y -progressively measurable, non- 
negative process {oit}te[a,T] such that P[exp{p/p arrfr}] < cx) for some p > 76^""^) then it holds P-a.s. that 
Yt<Ytforanyt£ [Q,T]. 
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In addition, ifYr — Yt, P-a.s. for some t e 5o,t, then 



pIYt^Yt, Afis)ds = > 0. 



(7.8) 



Proof: For any 6 G (^o, 1), we set U = Y — 9Y, T = Z — 9Z and still define the F-progressively measurable 
process {a,t}te[o,T] as in (|5.3p . It follows that At ~ Ji^asds, t e [0,T] is an F-adapted process with A, — 

sup I At I < Jp |as|(is < kT, P-a.s. Similar to (|5.4p . (HI) and the convexity of 5^ in z show that dt (g) dP-a.e. 

te[o,T] 



^{t,y,Zt)<eS{t,y,Zt) + {l-0){at + f3\y\) + 2i^\"^t\', Vy G 



(7.9) 



^ kT 

Given n G N, we still define the F-stopping time (15.51) . Let Q — ^-g • Applying Ito's formula to the process 

A 



Tt = exp{Cee^'t/f}, t G [0,r], yields that 



Tr„M - r,„ + / Gsds + Ce / r,e^= [dVs - OdV,) - (e / r,e^=T,dB„ t G [0, T], 

where G* = Cer^e-^' (/(i,^^, ^t) - 9f{t,Yt,Zt) - atf/* - ^Cee^^\Tt\^y Let Ae/(t) = 0A/(t) if (i) holds and 
Agf{t) ^ Af{t) if (ii) holds for t G [0,T]. Then 

Gt = G Lte^' (Ae/(t) + ^(i, F*, Z*) - 05(i, Yt, Zt) - atUt - ^^l^tl^) , i e [0, T] 

whether (i) or (ii) holds. Similar to (|5.7p . using (|7.9p and (H2), one can show by 3 cases that 

Gt < Certe^'Agfit)+je^''^rt(at + (/3 + K)(r+ + fr)), dt®dP-a..e. 

Now, we define a process 



(7.10) 



A 



Dt = cxp <^ 



Then it holds P-a.s. that 



'Afl 



ef{s)ds + 76^"^ / («t + (/? + n){Y+ + n-))rf.s| , i G [0,T] 






: expUe / e^"Ae/(r)dr + 7e2'^^ / (^a, + (/3 + K)(r+ + y,") jrfr 



< exp<J7e2«^( / ardr + {P + n)T{Y+ + Y-)\)=r), \/ {)<s<t<T. 



A 



As Do = Ij we in particular have 13, < ?], P-a.s. Let q = ^e ^'^^ and r/ = rjexp {■ye'^'^'^Y^^. Holder's inequality 
and (|7.7p imply that 



£;[P',r,] < E[rir^] <e 



< 



exp < 76 



„2kT 



exp 7e2«^ / ardr+{i(3+K)^Te^-^ + Cee^^){Y++Y-) 



exp ((/3-|-K)7re2'=^-fC9e''^)(r++n-) 



Urdr 



L9(J^t) 



<oo. (7.11) 



IL9-1 (J^t) 



and that 



exp "^ 76 " / ardr 



L<!(J^T 



exp <^ (/3-t-«;)7T62''^r- + (l + (/3 + A.)T)7e'«^i; 



<cx). (7.12) 



L9-1 (J^t) 
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Fix t £ [0,r]. Integration by parts and (|7.10l) imply that P-a.s. 

JTnAt JTnAt 



< Dr^rr„~Ce 



(7.13) 



T„At 



Similar to (|5.13p . the Burkholder-Davis-Gundy inequality and (|7.1ip show that J„" DsTge "TsdBg is a uni- 
formly integrable martingale. 

Taking E[ ■ | J"r„At] in (TTTS)) . we see from (fTTTI) that 

Let AYt ~ Yt —Yt- As n ^- oo, Dominated Convergence Theorem, (|7.11l) and (I7.12p imply that 

DtTt < ElDrTrlJ^t] < E[Dt exp {eCe e'^^AYr + je^''^Y+}\j^t] , P-a.s. 
Then it follows from ((71^ that P-a.s. 



(7.14) 



rf<E 



^exp{eCee^-AYT+je'^^Y+} 



Tt 



<E 



r;exp{7e2''^r+}|j-t = E[T^\Tt] 



which leads to that 



Yt-9Yt<^\nE[?j\j^t]e- 



nT-At 



, P-a.s. 



Letting — > 1 yields that Yt — Yt < 0, P-a.s. Then the continuity of processes Y and Y shows that P(Yt < 
% Vie [0,T]) = 1. 

In addition, suppose that Y^. = Y^., P-a.s. for some r G iSq.T: however that (17.81) does not hold (i.e., 
AFt + /J Af{s)ds < 0, P-a.s.). Letting 9 e (^o, 1) and taking t = r in ((71^ yield that 



< exp {76'=^+^- Ft} ^Tr <E 



Dt 
1^ 



exp [eCe c^^AYt + ie^''^Y+] 



J"r 



< E 



?yexp{c0e'"^(^A>T+ / Agf{.s)ds^} 



Tr 



P-a.s. 



As 61 — > 1, Dominated Convergence Theorem and (|7.12p imply that 



< exp 1 76'='^+'^- r^ I < lim; E 
A contradiction appears. 



Ve^p\^Cee-^^{0AYT+l Ae/(s)ds) } 



J"r 



0, P-a.s. 



D 



Proposition 7.2. Let fj : [0,T] x n x R x R"^ ^ R be two ^ x ^(R) x ^{M.<^)/^{R) -measurable functions, 
and let iY,Z,V),(Y,Z,V) G C^[0,r] x Hp''°'=([0,r];M'') x VF[0,r] solve the BSDEs (I73|) and BSDEs (TTIBl) 
respectively such that Yt < Yt, P-a.s., that (17.71) holds, and that for some Oq £ (0, 1), 9V — V is a decreasing 
process for any 9 G {9o, 1). // either of the following two holds: 

( i) f satisfies (HI '), (H2); f is concave in z; and Af{t) = f{t, Yt, Zt) - f{t, Yt,Zt) <0, dt® dP-a.e.; 

(a) f satisfies (HI '), (H2); f is concave in z; and Af{t) = f{t, Yt,Zt) - f{t, Yt, Zt) <Q, dt® dP-a.e.; 

then it holds P-a.s. that Yt < Yt for any t G [0,T]. In addition, ifYr — Yt, P-a.s. for some r G Sq^t, then (|7.8p 
holds. 
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Proof: The triplet {y, Z,V) = {-Y, -Z, -V) solves the BSDE(I73]) with generator f(i, w, y, z) = -f{t, w, -y, -z), 
y{t,uj,y,z) e [0,T]xnxRx R"^, and triplet {y,Z,V) = {-Y,-Z,~V) solves the BSDEdZH) with genera- 
tor f{t,Lu,y,z) — -~f{t,LL!,~y,—z), y {t,Lu,y, z) G [0,r] x 57 x M x M''. One can check that all conditions in 
Proposition 17.11 are satisfied by the new settings. Therefore, an application of Proposition 17. II gives rise to the 
conclusion. D 

Proof of Theorem 17.11 : Fix i' g 5o,t- For any r g S^^t, it holds P-a.s. that 

yrM = J^r + / g{s,ys,Zs)ds+JCr-ICrM- / ZsdB^ 

JrAt JrAt 

= J^r + / l{s<T}g{s,yrA.s,'i-{s<T}Zs)ds + JCr - JCrAt- l^s<T}2^sdBs, te[0,T]. (7.15) 

Since J^r > l^r<T}^T + 1{t=t}C = "^r, P-a.s., applying Proposition 17.11 and Proposition 17.21 with {Y,Z,V) = 
(yr,K.^^r,7^. 0) and {Y,Z,V) - {(j^rAt,l{t<r}2t,/C,A0}te[o,T] yields that P-a.s. 

iVrAt > i^t"''^^ ie[0,T]. 

In particular, we have y^ > YJ''^^ — £f,.j.\Rr] , P-a.s. 

So it remains to show that y^ — £^ ^ ,^-. [T^Tt{u)\ i P-a.s. To see this, we define 

yt = '^{t<v]Yt' " + '^{t>v}yr,{v)r\t and Zt = \i^t<v}'Z''^ " + '^{v<t<T.{v)}Zt, Vi G [0,T]. 

Clearly, (5^, Z) e n E^[0,r] x Hp^''([0, P];R'^). The flat-off condition of (3^,Z,/C) and the continuity of /C 

pe(i,cxo) 

imply that P-a.s. 

0=/ l{3;^>£jd/Cs = / l^y^y-ji^jdlCs — dJCs ~ lim JCs — JC^ = Kr^^y) — Ky. 

J[U,T,(V)) J[U,T,{U)) J[V,T,(U)) s/'t,\v) 

Hence, taking r = T^(y) and t ~v\l tvt\ (17. 15^ . we can deduce that P-a.s. 

y{v\lt)r\r,{v) = 3^r.(i/) + / l{s<r.(iy)}3(s,3^T.(i/)AS7l{s<r.(i/)}-2s)ds - / \i^s<T,{v)'}ZsdB ^ 

J v\lt JvWt 

= nr_4,)+ f l{s<r,(u)}9{s,ys.Zs)ds- j Z^dB,, ie[0,P]. (7.16) 

In particular, we have 

yi, = TZr^iiy) + i{s<T,{,y)}9{s,ys,Zs)ds- ZsdBs, P-a.s. (7.17) 

Fix i € [0,T]. One can deduce from (17^ and dTTTl) that 

g{s,ys,Zs)ds-l[t<y} ZsdBs 

= l{t<!/}'^T.(i/) + l{t<j/} / '^{s<T,{^)}9{s,ys,Zs)ds -l{t<y} ZsdBs, 
which together with (|7.16|) implies that P-a.s. 

yt=nr,(u)+ f l{s<r,(u)]9{s,ys,Zs)ds~ j ZsdBs- (7.18) 

Jt Jt 

The continuity of process yt further shows that P-a.s., (|7.18l) holds for any t e [0,r]. To wit, {y,Z) e 
n E^[0,r] x Hp'^P([0,r];]R'') is the unique solution of the BSDE ^^ with (t,^ = (T,(l/),7^^^(^)). There- 

p6(l,oo) 

fore, it follows that y^ = y^ = ^1,^^^^^) \^r,{v)\ ■ D 
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8 Stability 

Theorem 8.1. Let {{S,rm fm, L™-)} men ^^ "- sequence of parameter sets such that 

(51) With the same constants a,/3, k > and 7 > 0, /o satisfies (HI) and {fn}nefi satisfy {H1)-{H3); 

(52) It holds P-a.s. that ^„ converges to ^o a^*^ that Lf converges to L^ uniformly in t Q [0,r]; 



eP(?ivLj^) 



< oo for all p e (1, oo). 



(S3) S(p) = sup E 

me No 

We let (r°, Z°, K") e n §^[0, T] be a solution of the quadratic RBSDE{£,aJa, i") , and for any n e N we 

pe[i,oo) 

let (F", Z", K"-) be the unique solution of the quadratic RBSDE{in,f„, i") m H §^[0, T] . // /„(i, Y^ , Z°) 

pe[l,oc) 

converges dt (E) dP-a.e. to fo(t,Y^ , Z^) , then for any p £ [l,oo) 



lilTL E 



exp^p. sup |r,"-r,"| 

te[o,T] 



1 and lim E 

n—¥oo 



rn nrO 1 2 



Z'Vds 



0. 



Moreover, if it holds dt ® dP-a.e. that fn{t, uj, y, z) converges to f(){t, uj, y, z) locally uniformly in (y, z), then up 
to a subsequence, we further have 



lim E 

n— >-oo 



\Kt~K^ 



0, Vpe[i,oo) 



(8.1) 



In (SI) of Theorem 18.11 the convexity/concavity does not need to be the same for all generators f^s, for 
example, it can be alternate as in the following example. 

Example 8.1. Let d = 1. For any m £ Nq, the function 

fm{t,uj,y,z)^ {-!)"' z\ y{t,io,y,z)e [0,T]xf]xRxR 

is ^ X ^(M) X ,'^{R)/,^{R) -measurable and satisfies (HI), (H2) with {a,l3,-/,n) = (0,0,2,0). Moreover, /„ is 
convex (resp. concave) in z when m is even (resp. odd). Clearly, (0, 0, 0) is the unique solution of RBSDE(0, /o, 0) 

m n §^[0,r]. For any n £ N we set LI' = ^, t £ [0,T], and let (r",Z",i\:") be the unique solution of 
pe[i,co) 

the quadratic RBSDE{0, fn, L^') in D S^[0,T]. As fm{',',0,0) = for all m £ Nq, the first part of Theorem 

pe[i,oo) 

\8.1\ yields that 



lim E 



:,pYr 



= 1 and lim E 



p-\ 



iZ^l'ds 



= 0, Vpe[i,oo). 



Proof of Theorem [HT} 1) Fix n e N, 6* e (0, 1) and e > 0. We first show that P-a.s. 

\Yr - Y°\ < (1 - 0)(|y,°i + \Yn) + ^\n (y^n'A , t e [o,t]. 



(8.2) 



where L"'* = E 



jn,i\ -p 



for 1 = 1,2,3,4 such that 

/^■i = BTr]n with A = exp JTe^'^^ / (a + (/3 + K)|y^"|)ds| , t £ [0,T] and 

r;„ = exp {Cee'^^d^n - ^6| V l^o - ^6.1)}; 
/?'' = Cee'^^DTT^J |A„/(s)|ds with (e = ^, T„ = cxp{Cee«^(y," + y,")} and 

A„/(i) - /„ (t, r^ Z^)^fo{t, Y^, ZO) , i e [0, T]; 

i?TT„ ( sup l^r - ^?l) (^T + i^?) • 



„,4 A Ce _^kT 



^te[o,Tl 
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Case 1: /„ is convex in z. We set C/" = y"— OY^ , V" = Z"— 6'Z" and define two processes 



A 



flt = ^{ur^o}- 



.1,71 A 



A 



^^i[ur=o}, A^= / <rfs, te[o,T] 



Applying Ito's formula to the process F^'" — exp {CeC^' C^"}j ^ G Pi 2^]: yields that 

r,i^" = r:^" + / Gi'"ds + Ce Tl-^'e^^idKl' - OdK^,) - Q rl'"e'^"V,''dBs, t e [0, T], 

where Gt'" = CeVl'^'e'^'^ {fnit,Y/\ ZJ") ~ 9fo{t,Y° , Z°) - al'Up ~ ^Cee"^' iVt'^l^) ■ Similar to dSH), (HI) and the 
convexity of /„ in z show that dt (E) dP-a..e. 

UtX. zi^) < eu{tX. z^) + (1 - 0) (a + /3|y,"|) + ^^\vn\ 

which together with (H2) implies that dt ® dP-a.e. 

G'r = c«rl-"e^?(/„(i,^r,°,zr)-0/o(i,r,°,^?)-K«e^"l^"l') 

< QeT'^e^" (|/„(t, BY^ , Z^) ~ /„(i, Y^ , Z-)\ + /„(t, Y,\ Z^) - efo{t, Y,', Z^) - j^^lV^') 

< je'^^Tl'-{a + {/3 + K)\Y,'\)+<:ee^^r'r\Ar.f{t)\. 
Integration by parts gives that 

r^" < DtT'/' < DtT'^'' + (ge^^ [ DsTl^"\A,J{s)\ds + Cg [ D^Tl'^e^"^ dKl^ - Ce f DsTl'^e^'^VrdB, 

Jt Jt Jt 



< /J'l + r^'^ + Cee'^^Dr / Vl'^dKl' - Qg / i?,ri'"e^"T/"dB„ t G [0, T]. 

Jo Jt 



(8.3) 



The flat-off condition of (F", Z", i^") implies that 

Jo Jo Jo Jo 

< f l{Y,.<YO+,}exp{je^^^\Y°\+e<:ge^^}dK^ + TrJ l[\L^_LO\>e}dK 

Jo Jo 

< exp{-/e^^^Y° + eCee^^}K!^ + -T,J sup \L'1-L°\)k^, P-a.s. 

£ ^tefo.Tl ^ 



(8.4) 



For eachp e (l,oo), Theorem 14. II and (S3) imply that 



supS 

n'eN 



£,P7iT 



izr Pds 



x; 



i'\p 



< CpSupE 

n'GN 



2 V " * y 



<CpS(3p7e'^^). 



Thus, it follows that 



sup E 

rreGNo 



ePT^"+ / iZ^frfs +(ii'?')^ 



<CpS(3p7e^^) 



-E 



.P'rY°_ 



0\P 



\Z's\'ds +(X°) 



A 



= S(p), (8.5) 



which together with (SI) implies that 



E[rfn] < E 



„pCee"^(ICJ + ICol) 



a. 



g2pC8e''^(«+VL:)_j_g2pCee»^(?+VLS) 



E[Tl] < -E 



+ e^ 



< 



^( 2p_ 2kT 



E 



/ |A„/(s)|ds 



< E 



2T(a + /3r,°)+7/ iZOpds 



<cp£; 



=p7n° _ 



']<s(2pCee'^^),(8.6) 


(8.7) 


\Pi 






(8.8) 



E 



sup iLr-i?r 

te[o,T\ 



< CpE 



[L-y + {nr 



< CpE 



eP^' + e^^" 



< CpE{p). 



(8.9) 



8. Stability 



33 



Since Dt < cq exp -^ 7(/3 + K)re^''-'" yj' >, P-a.s., we also see that Dt G ^^{Tt)- Thus, one can deduce from 

Young's inequality and (I8.5p - (|8.9p that random variables /y'\ i = 1,2,3,4 are all integrable. Moreover, the 
Burkholder-Davis-Gundy inequality and Holder's inequality imply that 



E 



sup 

te[o,T] 



i:'sr^"e^"K"ds, 



< cqE 



{DsTl^'')\^^"\Vn^ds 



<coE 



^tTJ / \vrfds 



< Co||i:'T||L4(^^) ||T„| 



L'I(J^t) II^"IIh|([0,T];R'') < °^' 



(8.10) 



thus /„ D sTl'^ e^"^ Vp dB s is a uniformly integrable martingale. 

4 

For any t e [0,r], taking £'[-|J"t] in (EH) and (gSl) yields that T^'" < ^ /i"'', ^-a.s. It then follows that 

Yr-0Y,' < '-^e-^^-^^\JY.ir] < i^ln('^/rA , P-a.s., 
which implies that 

Y- - r,° < (1 - 0)|r,°| + i^ In ("^ /r-'"] , P-a.s. 

To show the other half of ([12]), we set L/" = y" - gy", F" = Z" - 9Z'' and define two processes 



(8.11) 



a"^l 



{y.VY*"}- 



/„(i,y,o,zr)-/„(i,y,",z,") 



A 



yO „ y^n 



a^y^o^y^^}, A^= / d^ds, te[o,T 



Applying Ito's formula to the process f j'" = exp {^ee'^"[/"}, t G [0,r], yields that 

r^'" = r^" + / GY'ds + Ce Tl-'^e^HdK" - 9dK^) - Ce / Tl-^e^^VpdBs, t e [0, T], 

where Gj'" = CeTl-"e^^ (fo{t,Y°,Z°) - efn{t,Yt'',ZJ') - d^fUl" ~ ^Cee^"\Vt''\A. Similar to dO]), (HI) and 
the convexity of /„ in z show that dt (g) dP-a.e. 

/„(i,y,°, zo) < 0/„(i,y,o,zr) + (1 - 0) (a + /3|y,0|) + j^^\vr\\ 

which together with (H2) implies that dt (E) dP-a.e. 

&r < Cer,^^"e^" (-A„/(i) + ut, y,o, z?) ~ duit, y,", zr) - a^t^r - 2a^\vn') 

< Cef're^" (|An/(0| + Ofn{t, y,°, Zr) - eU{t, Vr, Z^) - KUl' + {l-e){a + P\Y^\)) 
= C«f^V"(|A,J(t)| + (0-l)5rr,° + (l-0)(a + /3|y,"|))<7e^''^f^"(a+(/3 + ^)|y,O|)+C«e''^f^"|A„/(^ 
Similarly to (J8.3I) . integration by parts gives that 



^,1^" < q^^ + /J'2+ Cee'^^Dr f rl^"dK"^~Ce f DsTl^'^e^^VP'c 



.12) 



where Jg Dstl'^e^^ VpdBg is a uniformly integrable martingale, which can be shown by using similar arguments 
to those that lead to (l8?T0l) . And similar to (|8^ . the flat-off condition of (y", Z°,K'^) implies that 



ri'"dif° < exp {7e2«^yj' + eCee'^^} if?^ + -T„ sup IL"^ - L°\)K^, P-a.s. 



te[o,T] 



(8.13) 
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For any t e [0,r], taking E[-\Tt] in ((51^ and (|5J^ yields that 

yo _ Y- < (1 - e)\Yr I + ^ In ( ^ I^'l ' ^-a-S-, 



which together with (IS.lip as well as the continuity of processes F", Y^ and \J/"'* implies (|8.2p . 

1=1 

Case 2: /„ is concave in z. Applying Ito's formula to the process Fj '" — (^^ '") — exp{— ^ee'^* ^"} ) t ^ [0: T] 
yields that 

p2,„ ^ p2,« ^ /■ g2,n^^ ^ ^ / F2'"e'^"(6ldi^° ~ dif,") + Ce f Tf'^e^^VpdBs, t e [0,T], 

where G^'" = Ce r^"e'4? (6l/o(t, F,", Z^) - ^(i,^^", Z^") + aJ'C/f - iCee^"l^t"P)- Similar to (|ET5l) . (HI) and 
the concavity of /„ in z show that di ® dP-a.e. 

which together with (H2) implies that dt (g) dP-a.e. 

G?'" = Cer?'"e^" (-0A„/(t) + 0/„(t, r,o, Z,") - Ut, OY,", ZD - ICee^" \vr\^) 

< CeT're^" (|A„/(<)| + 0/„(t, r,°, Z^) - /„(i, F.o, Zf) + |/„(t, r,°, z,") - /„(f, 0r,°, ZDI - 20^1^"!') 



Similar to (|8.3p . integration by parts gives that 



F^'" < /^'i + /^'2 ^ ^ge^Tj^^ f Y^'dK"^ +Ce f D,Tl'''e^"V^dB,, t e [0, T], 

Jo Jt 



(8.15) 



where /„ ZJ^F^'^e = V^dBs is a uniformly integrable martingale, which can be shown by using similar arguments 
to those lead to ((5?TU)) . And similar to ([0|) . the flat-off condition of (F°, Z", K^) implies that 

/ F2'"dK0<exp{7e2''^n"+£Cee'^^}K^ + -T„( sup |Lr-L?|)ir^, F-a.s. (8.16) 

Jo £ ^tG[0,T] ^ 

4 

For any t £ [0,T], taking E[-\Ft] in (|5T^ and (|5J5|) yields that F^^" < ^ /("''. ^-a-S. It then follows that 



Y^ - Y- < (1 - B)\Y^\ + dY^ - Y- < (1 - 0)|y,"| + i^ In ^ I,"^* , P-a.s. (8.17) 



1=1 

hn(^' 

7 



It remains to show the other half of (|8.2p for Case 2. Applying Ito's formula to the process Fj'" = (Fj'") = 
exp { - Cee^?t/r}, < € [0,T], yields that 

_ ^ /-^ ^ r'T ^ ~ r'^ ^ ~ ^ 

f2'" = F^"+/ Gl^"ds + Cg rl-^'e'^" {edK^ - dK",) + Ce Vf^'e^^VrdB,, te[0,T], 
Jt Jt Jt 

where G?'" = Ce r?'"e'^" [0fn{t, Ft", Z^") - /o(t, Y°, Z?) + h^Ul" - iCee^" |^t" T) • Similar to (l8Ta . (HI) and 
the concavity of /„ in z show that dt (E) dP-a.e. 



Uit, Y^,Z^) > 9f4t, Y^, Zf) -{l-e){a + P\Y^\) - ^^^\V, 



2 

t I ' 
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which together with (H2) imphes that dt dP-a.e. 

Gf" < Cflf ?'"e-^" (0/„(i, Y,\ Zr) - Ut, Y^, Zf) + A„/(t) + ~a^U^ - sn^lv't"!') 

< c«f?'"e-^" (eu{t,Yi^, zr) - e/„(i,r,°, zr) + |A„/(t)| + a?t/r + (i - e) (« + p\y^\)) 

Similarly to (|8.15p . integration by parts gives that 



n2,n ^ rn,l . rn,2 , /-_„kTt^_ / T^2,nj7:^n , /■ _ I n T^2,n„yi"i 



Jo 



rf" < /^^'^ + /J'" + Cee"' I?T / rf'"di^," + Ce / D,T'/'e^^ V^'dB,, t e [0,T], 



(8.18) 



where j„ DgTl'^e^ V^dBg is a uniformly integrable martingale, which can be shown by using similar arguments 
to those lead to ((HTTO)) . And similar to (|8^ . the flat-off condition of (F", Z", iiT") implies that 

/ r2'"dif^"<exp{7e2«^n"+eCee"^}^? + -T„( sup |LJ'-L?|)ii'?, P-a.s. (8.19) 

Jo ^ ^te[o,T] ^ 

4 

For any t e [0,T], taking £'[-|J"t] in ((51^ and (|5JS|) yields that Fj'" < ^I"'\ P-a.s. It then follows that 

i=l 

Yr - F,° < (1 - e)\Yr\ + BY- - Y^ < (1 - B)\Y^\ + i^ In f ^ /f^M , P-a.s., 

4 

which together with (|8.17|) as well as the continuity of processes F", y° and \^/"'* implies (|8.2p . 



2) For any (5 > 0, (|8.2p . (|8.5I) . (j8.7p . Doob's martingale inequality and Holder's inequality imply that 
pQup^|r,"-r,"|><5) <P((l-e)(n" + n")>'5/2)+pfi^ln(^^/r) >V2J 



(8.20) 



e2^^.+e27n" 






< 2^S(2)+4e'^^e^(^c(^||77„||L.(^,)+C. {s(^e2«^)}' ||/„^|A„/(s)|d.||j^,(^^) -f 



eCee" 



IC|,[0,T] /' 



withC = l + ||i:>T||L2(^^)+sup( -B DTe^''^'^'^^^°"^^^'^{K'^ + K-^) -^\Dt{K'^ + K^)\^^^^^^. Holder's inequality 



and (|8.5p show that C is a finite constant. 

The convergence of A„/ to and (SI) imply that dt ® dP-a,.e. 

lim A„/(i,w):=0 and |A„/(t, w)| < 2a + 2/3i;°(w) + 7|Z°(w)P, V?i G N. 



.21) 



Hence, for P-a.s. to £ ft we may assume that (I8.2ip holds for a.e. t e [0,T], and that Y^{oj) + J^ |Z"(a;)| ds < 
oo. The Dominated convergence theorem then yields that lim /„ \Anf{s,uj)\ds — 0. By (S2), it also holds 
P-a.s. that 

lim rjn = e'^'^'^'^l^"! and lim f sup JLJ' - L°| ) = 0. 
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Using dHU), (IH3) and dHU) with any p > 4 shows that {r/^} i (/J'|A„/(s)|ds) I and i sup jLJ* 

" l^ ^ J new Ug[o,t] 

L^\'^ > are all uniformly integrable sequences in \J-{Ft), which leads to that 



neN 



\m,E[Tf^] ^E 



and lim E 



m r 1 4 



A„f{s)\ds\ + sup |Lr-4l 
/ te[o,T] 



Hence, letting n — > oo in ()8.20p and then letting e — > yield that 

li^pf sup \Yt"'-Yt^\>s] <2^E{2)+4e^^e^(^c(l+\\e''^'^^^^°^\ 

n^oo V«e[0,T] y "7 V " ' 

As 6* ^ 1, we obtain lim PI sup iFf" — Yj^j > S] =0, which implies that for any p g [l,oo), exp -^ 



L2(JFr) ' 1- 



te[o,T] 



P7 • 



sup jFj" — Yj"! > converges to 1 in probability. 

te[o,T] J 



3) Fixpe [l,oo). Since £: 



exp 



{2p7 



• sup |r,"-y,o|| 



<i£; 



e4p7n" + e^pyy.? 



< ^(4p) holds for any neN 



thanks to (|8.5I) . we see that < exp < p^ ■ sup |i^" — Yj"| > > is a uniformly integrable sequence in L^(J^t 

I '^ te[o,T] J J „eN 



Then it follows that lim E 



exp I p7 • sup I Yj" — y^^ I 

te[o,T] 



hm £■ 

n— >-oo 



sup \Yr~Y,y 



1, which in particular implies that 



0, VgG[l,cx)) 



te[o,T] 
For any n G N, applying Ito's formula to the process jF" — F°p, we can deduce from (SI) that 

/ \z: z'fds = |e„ - eol' - l^o" - yS\' + 2 / (n" - n°)(/„(s, r;\ z^ - /„(s, y;°, z,")) ds 

Jo Jo 

+2 / (y," - n")(di^r - d/^,") - 2 / (y," - y,0)(zr - z^) dB, 

Jo Jo 

< 2 sup |V-r,0|(2aT+/3T(Y;" + Y;")+J r(|ZrP + |Z0|2)d5 + if? + if^ ) 
te[o,T] \ ^ Jo / 

/ (n"-n°)(zr-zO)di?, 



(8.22) 



sup |i;"-y,0|2+2 



, P-a.s. 



te[o,T] 
Then the Burkholder-Davis-Gundy inequality, Holder's inequality, and (18. 5p imply that 



S 



PH 



^"-ZOpds 



<cp£; 



|yn_v0|2p 



-Cp<^^ 



sup |r,"-r,°|^^ 

te[o,T] 



sup i^t -.J 

te[o,T] 



sup -E 

mGNo 



CpE 



sup \Yr-Y,r-( f \Z:^Z^fds 

£[0,T] \Jo J 

2p7Vr+J r|^m|2^,J +(1^™)^ 



<cp£; 



sup \Yr-Y^?^ 
te[o,T] 



1 

'2^ 



izr-z°Pds 



Cj,^S{2p){E 



sup |y,"-F,°p^ 

ie[0,T] 



It is clear that E 



(/o 



^'Zr-ZOpds 



< oo as Z",ZO e Hp'^P([0,r];R'*). Hence, it follows that 



E 



iZ'^-Z^l^d 



< CpE 



sup |Y;"-r,°pp 

te[o,T] 



CpVS(2p) <^ i? 



sup lYr-Y.X" 
te[o,T] 



8. Stability 



37 



As n — >■ oo, (|8.22l) implies that 



In particular, we have 



lira E 



yn rrQ\2 



Z'^S'ds 



= 0. (8.23) 



lim E \ IZ" - ZlVds = 



.24) 



4) Let us further assume that dt (g) dP-a.e., fn{t, uj, y, z) converges to /o(t, io, y, z) locally uniformly in (y, z). By 
(jS:^ and (|Oil) . {(r",Z")}^^j^ has a subsequence (we stiU denote it by {(F", Z")}^^j^) such that 



lim sup \Yt" - y^^l = 0, P-a.s. and lim ZJ' = ZJ*, rfi (g) dP-a.e. 

A 



..25) 



In fact, we can choose this subsequence so that Z* = sup|Z"| e ]HIp[0,T]; see [IS] or [T31 Lemma 2.5]. Hence, 

nGN 

except on a dt (g) dP-nuU set of [0, T] x Jl, one may suppose the following statements hold: 

( i) lim Y^'\uJ) = Y°{uj) and lim Zf(a;) = Z^{uj), 

(ii) The mapping foit^uj, •, •) is continuous, 

(iii) For any compact subset J^ of R x M'*, lim ( sup \fn(t, uj, y, z) — fo(t, '^tUtz)] ) = 0. 

Let jr(t,w) = -^ (y, z) e K X M"* : |y| < sup|yj"(w)| < oo and \z\ < Zf{uj) < oo >, which is clearly a compact 
subset of M X M"*. Since 



neN 



|/„(t,^,r,^z^)-/o(t,w,y,^zO)|<|/„(i,w,y/^z^)-/o(t,^,r,^z^)| + |/o(i,c.,y/^z^)-/o(t,^,r,^zO)| 

< sup \f„it,u;,y,z)- foit,uj,y,z)\ + \foit,u;,Yr,Z^)- foit,LJ,Y°,Z^)\, VneN, 
(y,z)e.je(t,u]) 



letting n — > oo yields that 

lim /„(i, UJ, V, ZD = /o(i, c., y,", Z°). 

n— >-oo 

By (SI), it also holds dt (^ dP-a.e. that 

\Ut, Yl\ ZD - /o(t, y,", Z,")| < 2a + 2/3 sup F," + J (l^** |' + |^t°|') , Vn G N, 



TJxGNo 



5.26) 



..27) 



where sup Y^ < oo, P-a.s. thanks to (|8.25p . Thus, for P-a.s. uj E il we may assume that (|8.26l) and (|8.27p hold 

mGNo 



for a.e. t e [0,r], as well as that sup Y"''{uj) + Jp ( |Z*(w)| + |Z°(a;)| jds < oo. The Dominated convergence 

theorem then yields that lim f \fn{s,uj,Yp, Z^) ~ fo{s,uj,Y^, Z^)\ds = 0. 
Fix p e [1, oo). For any neN, (SI) and (|831) shows that 



E 



2p 



|/„(.s,y;\z,")-/o(s,y,o,z°)|ds 



< CpS 



< Cp sup i? 

mGNo 



l2aT+/3T{Y: + Y,°) + ^J 
'^''''"+(£\ZT\'ds\ 





X2p1 


(iz:f+iz°p)d. 


2p- 


J 

<CpS(2p), 



which implies that \ (L \fn{s, Yp , Z" ) — /g (s , Fj^ , Z° ) I ds ) > is a uniformly integrable sequence in L^ {Tt ) 
Hence, it follows that 



lim E 



/„(s,y,",z,")-/o(s,y,^z,")ds 



= 0. 



(8.28) 
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For any n G N, it holds P-a.s. that 

K^-K^T = Y^ - Yo° - (6. - Co) - / (/„(s, n", Z^) - Ms, n", Z^)) ds + f (Z^ - Z,") dB, 

Jo Jo 



The Burkholder-Davis-Gundy inequality then implies that 



E 



\K^-K^\P 



< CpE 



sup \Yr-Y,r 

te[o,T] 



CpE 



\Us,Y:\Z-)-UsX^Z^s)\ds 



■CpE 



izr-zppds 



where E 



(/o 



^'Z"-Z"Pds 



(p:28l) and (jOSl) lead to dE 



< |s (/o^l^? - Z°\'^dsY Y due to Holder's inequality. As n -^ cx), (ESS), 



D 



9 An Obstacle Problem for PDEs. 



In this section, we show that in the Markovian case, quadratic RBSDEs with unbounded obstacles provide a 
probabilistic interpretation of solutions of some obstacle problem for semi-linear parabolic PDEs, in which the 
non-linearity appears as the square of the gradient. 

For any t G [0, oo), B* = {S* = Bt+s — -St}s£[o,oo) is also a d-dimensional standard Brownian Motion on the 
probability space {il,J^,P). Let F* be the augmented filtration generated by i?*, i.e., 

F*={:Fl^a(a{BUre[0,s])uN)} ^ . 
L V ^ ' / J se[o,oo) 



A 



Let fc G N, K > and m E [1,2). We consider the following functions: 
1)6: [0, T] X M'' ^M'' and cr : [0, r]xM''^ ^ E''^^ are two continuous functions such that ct* " sup |cr(t,x)| 

(t,a;)e[0,T]xK'= 

< OO, and that 



\b{t,x)-b{t,x')\ + \a{t,x)-a{t,x')\< k\x-x'\, V<e[0,T], \fx,x'£R''. 

2) ft, : M'' — ^ M and Z : [0, T] x R*^ ^ R are two continuous functions such that 

l{T,x)<h{x), VxeR'' and \h{x)\y \l{t,x)\ < k{1 + \x\'^), V (t, x) G [0, T] x M^ 

3) / : [0, T] X M'' X R X M'* — > M is a jointly continuous function that satisfies 

i) There exist a, /3 > and 7 > such that for any (t, x, z) e [0, T] x R*^ x M'^ and y,y' eWL 

\f{t,x,y,z)\<a + /3\y\ + -\z\'^ and \f{t,x,y,z)-f{t,x,y',z)\<K\y-y'\; 
ii) The mapping z — > f{t, x, y, z) is 

• either convex for aU {t,x,y) G [0,r] x R*^ x R, 



(9.1) 



(9.2) 



or concave 



for ah {t, X, y) G [0, T] 



(9.3) 



(9.4) 
(9.5) 



A 



For any A > 0, we let cx denote a generic constant, depending on A, a, /3, 7, k, 737, T, a^, and on 60 = sup \b{t, 0)| < 

*e[o,T] 
cx), whose form may vary from line to line. 
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Given {t,x) G [0,T] x M'', it is well-known that the SDE 

X,^x+ I b{r,Xr)dr+ f a{r,Xr)dBr, s e [t,T] (9.6) 

admits a unique solution {-'^s'^lsgft t]' ^^^ M'^-valued continuous process, such that X*'^ e ^l-t "^ -^^ fo'" ^^Y 
s e [i,r]. In addition, we set X*'^ = x, Vs G [0,t]. 

The following lemma gives an estimate for the exponential moments of process {|^*'^|'^} ^.^ ^, ■ 
Lemma 9.1. Let p £ [l,oo). For any {t,x) e [0,r] x M*^, we have 



E 



exp <p sup |X''^| 

I »€[t,T] 



<2pexp{p3^-ie«^'^|xr}. 



Proof: One can deduce from (19.61) and (19.11) that P-a.s. 



sup l^s'^l < |x| +60T + K / sup \Xl''^\dr+ sup / ct (r, X 



se[t,t' \ Jt s£[ 

Then Gronwall's inequality implies that P-a.s. 



sup |X*'"^| < e''^ |a;| -I-60T-I- sup 
selt,t'] \ selt.T] 

Letting t' = T and taking power of w yield that 



•dBr 



a{r,Xt'^)dB, 



t'e[i,T]. 



t'e [t,T]. 



sup |X*'^p < s^-ig'^^T |a;r + (&oT')'^ + sup 
se[t,r] y se[t,T] 



a ir, X*'") dP, 



P-a.s. 



Let Ifcxd denote the k y. d matrix whose entries are all I's. We define an R'^-valued process 

A 



M, 



/ (l{t<r<T}CT(r,X;^^)+l{^>T}lfexd)dS^, Vse[0,Oo). 



(9.7) 



Given i S {1, • • • , fc}, it is clear that AP is an M- valued continuous martingale such that lim {M'^)s — 00. For 

any s € [0, cx)), we define an F-stopping time r] = inf |r e [0, 00) : {AP)r > s}. In light of the Dambis-Dubins- 
Schwarz Theorem (see, e.g.. Theorem 3.4.6 of ,12J, Wl — M^i, s £ [0, 00) defines an 1-dimcnsional standard 
Brownian Motion on the probability space {il,J-,P) with respect to the filtration {Jv;} , ,, and it holds 
P-a.s. that Ml = WL^i-.^ for any s e [0, 00). 

The convexity of function y -> e'^' on M and Jensen's inequality imply that -^expllW]! }> is a 

continuous positive submartingale with respect to the filtration {J't'} ir. -.■ Applying Doob's Martingale 
Inequality, we obtain 



E 



sup lexp||iy;p| 



pk 



< (^J'e 



ro ~| \ pk' 



(exp{|w^;.^| }) 
exp{pfc(a,\/T)^|l¥^f} 



<CpE 



exp<!j|T^ir 



As Wl is a standard normal random variable under P, we have 



E 



exp^i|W^ir 



1 1"°° 

-= / e-^y^dy = V2. 
/27r J -00 



(9.8) 



(9.9) 
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i=i 



For any p G (l,oo), since (M')s = / X] {'^^li'^'^-^r'")) "^^ - '''♦'^ ^O"" ^"^^ ■* ^ I^'^l' '^^^ '^^^ deduce from 
(|9.9p and Holder's inequality that 

/ a{r,Xl'-)dBr 



E 



exp < p sup 

I se[t,T] 



E 



sup exp{p|Afs| } 

sG[t,Tl 



< E 



sup exp^pV lAf^ 

se[t,T] ' '^^ 



i=l 



£; 



< E 



sup I [ exp < 



P 



WIap). 



1 



TT sup exp|p|T^;p| 



< E 



< 



TT sup expjp 

fj, \se[t,T] ^ 



^Im'). 



■} 



n^^ 



sup exp 



{pk\Wl\^} 



<c 



■pi 



(9.10) 



where we used in the first inequality the fact that \xY^ = I y 



X € M'^. Plugging it back into (19. 7p proves the lemma. 



4=1 






4=1 



4=1 



Our objective in this section is to find a unique viscosity solution of the following obstacle problem for 
semi-linear parabolic PDEs: 

mini(M-/)(t,a;),--^(i,x) - Cu{t,x) - J {t,x,u{t,x),{a'^ -V :,u){t,x))\ =0, V(i,a;) G (0,T) x R''^ 

I ^^ J (9-11) 

w(r,x) = /i(a;), VxeM'^', 

where cr^ denotes the transpose of cr and £u{t,x) = ^trSice(^{aa'^D'^u){t,x)^ + {b{t,x),Wxu{t,x)). 
Now let us consider the obstacle problem for PDEs in a more general form: 

(u~ l)(t, x), -^(t, x)-F (t, X, u(t, x),VMt, x), Dlu{t, x)) 1=0, V it, x) € (0, T) x R'=, 

dt ') (9.12) 



u{T,x) = f)(x), Va; e 



where f) 



[: [o,r] 



I, and F : [0, T] x R'^ x K x K'' x S*^ ^ R are all (jointly) continuous 



functions with § denoting the set of all real symmetric k x k matrices. 

Definition 9.1. A function u G C{[0,T] x M*^) is called a viscosity suhsolution {resp. viscosity super solution) 
of ({912)) ifu(T,x) < {resp. >) f)(x), Vx G M.'' , and if for any {to,xo,ip) G (0,7) x M'^ x C^'^{[0,T] x R'') such 
that u(to,xo) = ip{to,XQ) and that u — if attains a local maximum (resp. local minimum) at (to,2;o), we have 

o ^ 

{u-i){to,XQ),- — {tQ,XQ)-F\tQ,XQ,u{tQ,x^),"^x'p{tQ,x^),Dl(p{tQ,XQ)j\ < {resp. >) 0. 



mm < m — 



A function u G C([0,r] x M'^) is called a viscosity solution of (j9.12p if it is both a viscosity suhsolution and a 
viscosity supersolution of (|9.12p . 

One can alternatively define viscosity subsolutions/supersolutions of ()9.12p in term of second-order super- 
jets/subjets (see [HI). 

Definition 9.2. 1 ) For a function u : [0, T] x R*-' — > R, its second-order superjet {resp. subjet) at some {to, xq) G 
(0,T)xR'°, denoted by V'^~^u{to,xo) (resp. V'^'^u{tQ,xo)), is a collection of all triplets {p,q,W) G R x R*^ x S*^ 
such that as {t,x) — )■ (to,a;o) in {Q,T) x R*^, 



u{t,x) < {resp. >) u{to,XQ) + p{t -to) + {q,x- xq) + -{W{x- xq),x- Xq) + o{\t - tol + \x ~xo\'^). 
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^2,+ 



2) For a function u : [0,r] x R'' — > K and some (^0,2^0) G (0,r) x R'', we define V"' ' u{to,xo) [resp 
V ' u(io,a^o)) o-s the collection of all triplets {p,q^W) G MxR'^xS''" such that for some sequence {{tn,Xn,Pn,Qn, 

W„)}„gN C (0,r) X R'= X R X R'= X S^ 

{Pn,qn,Wn) eV^- + u{tn,Xn) {resp.V^'^ u{tn, Xn)) , VnGN 

and (tQ,Xo,u{to,Xo),p,q,W) = lim (i„,x„, u(i„, a:„),p„, g„, PV,,). 

n— >-oo 

Definition 9.3. A function u G C([0, T] x R*^) is called a viscosity suhsolution {resp. viscosity supersolution) of 
([9J21) ifu(T,x) < {resp. >) l){x), Va; e R'' , and if for any {to,xo) S (0,r) x R*^ and {p,q,W) S V^'^u{to,xo) 
{resp. V ' u{to,xo)), we have 

inml{u-t){tQ,XQ),-p- F{to,xo,u{to,xo),q,W)\< {resp. >) 0. 

A function u € C([0,r] x M'^') is called a viscosity solution of (j9.12p if it is both a viscosity subsolution and a 
viscosity supersolution of (|9.12p . 

For any {t^x) G [0,r] x M''', let ^* denote the F*-progressively measurable cr-field on [0,T — t] x 57. Since 
X*'^ = -'^t+sj s e [0,r — i] is an F*-adapted continuous process, the joint continuity of / implies that 

f*-^{s,uj,y,z) = f(t + s,Xl'''{uj),y,z), \f{s,uj,y,z) G [0, T - i] x O x M x R'^ 



is a ,^* X ^(R) X ^(R'')/.^(R)-measurable function, namely, it is a generator with respect to F* over the 
period [0,T - t]. By (US]) -([13]), /*'^ also satisfies (H1)-(H3). On the other hand, (US]) shows that {Z*'^ = 
l{t + s,Xl'^)^ , „ , is also an F*-adapted continuous process such that Lr^^^ — 1{T,Xj,^) < h{^Xj,^) e -^T-t- 
For any p e [1, 00), (|9.2p and Lemma [9.11 imply that 



E 



exp 



{p{\h{x!,^)\vLr)] 

KeP^E 



< E 



exp'(pK(l+ sup \Xl'^\ 

se\t,T] 



exp<(lVpK) sup IXl'^^l 



< 



Cp exp {(1 V pk) S^-^e^^^lccI"^} . 



(9.13) 



Hence, Corollary 15.11 shows that the quadratic RBSDE(/i(Xj;^), /*'^, L*'^ ) with respect to B* oyer the period 



in n s^,[o,r-i]. 

pS[l,co) 



[0, T ~ t] admits a unique solution I y*'^, Z*'^, K'^^^ 

The continuity of process {^l'^} g^pir, 7^1 and (|9.3p - (|9.5l) imply that 

/*'^(s,w,y,z) ^ l[,>t}f''^s-t,Lu,y,z) = l{,>4}/(s,X*'^(w),y, z), V(s,c^,y,z) e [0,r] x n x R x R" 



is a ,^ X .^(R) X ^(R'*)/^(R)-measurable function that satisfies (H1)-(H3) with the same constants a, /3, k > 
and 7 > as /. Let L*'^ — L/^_^s^_ — Z(sVi,X^vt) ; ^ ^ [Oj'^]: which is clearly an F-adapted continuous process 
with Lrf^ — Lrf^f < h{Xj,^). Then one can show that 

sG[o,r] 



A 



{Y^''',Zl'^,Kl'^) = {Y^;lt^+ , l{s>t}Zl-^t > '^{s>t}K, 



t,x 



satisfies the quadratic RBSDe(/i(X^'^), /*^^, L^A oyer the period [0, T], and that (F*'^, Z*^^, if*^^) e n §^[0, T 



Since E 



exp|p('|/i(X^"^)| Vil'"^]! < cx) by (|9J3l) . Corollary O again shows that {y^^^^ , Z*^'=,K*^'=) is the 



uniquesolutionof the quadratic RBSDE(/i(X^"'),/*'^,L*'^) in n S^[0,r]. 
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The main objective of this section is to demonstrate that 



(9.14) 



is a viscosity solution of (|9.1ip . First, we recall a well-known moment estimate of diffusion process X*'^, without 
proof, in order to show that u is a continuous function. 



Lemma 9.2. For any [t,x),{t' ,x') G [0,T] x M*^, we have 

E 



E 



sup \Xl'^ — x\ 

re[t,s\ 



sup \xl-^^Xl'^? 



se[t\/t,T] 



< co(l + |a;|2)(,s-i), y.8e[t,Tl 

< coE 



I T^t,x -^t,x |2 



(9.15) 
(9.16) 



Proposition 9.1. The function u defined in (|9.14p is a continuous one such that \u{t,x)\ < co(l + |a;|'^) for 
any {t,x) G [0,T] x R*-\ 

Proof: Given {t,x) G [0, T] x R*^, we let {(i°,a;°)}^ j^ C [0,T] x R*^ be an arbitrary sequence that converges 

to {t,x). Without loss of generality, we assume that {x'^}n&'i <^ Bi{x) — {x <E R'" : |5; — a;| < 1}. To see 
lim u(i^,a;°) — u{t,x), we only need to show that any subsequence {"(in, a;n)}„gN of {M(i",a;°)} p, has in 
turn a subsequence that converges to u{t,x). For any n gN, (|9.16p shows that 



E 



sup \xl-'-^--Xl^^f 



se[t,^\/t,T] 
When t„ <t, (|9.15p implies that 



<coE 



E 



sup |A^ —A3 I 

sG[t„At,t„Vt] 



E 






sup |X*"'^" - x\ 
se[t„,t] 



<coE 



sup |X*-""-X*'"|' 
se[t„At,t„vt] 



(9.17) 



< 2|x„ - xr + 2£' 



sup |X, 

se[t„,t] 



tn.Xn 



< 2\x„-x\^+co{l + \x„\^){t-t„). 



Similarly, when t^ > t, 
E 



Clin I ytn,Xn "T*^^!^ 

sup IA5 — Ag I 

sG[t„At,t„Vt] 



< 2|2;„ - Xp + Co(l + \Xn\'^){tn-t). 



(9.18) 



(9.19) 



Since X*"'^"-Xp = x„ - a; for any s G [0, i„ A i], (I^TT)) and (^1^ (or (PIB ) imply that 



E 



sup |Ag — Aj I 

se[o,T] 



< co|x„-xp+co(l + |a;„p)|i„-t| ^0, 



as n — > 00. 



Hence, we can extract a subsequence of {(tn,a;„)}„gN (we still denote it by {(i„,x„)}„gN) such that except on 
a P-null set jV , 



lim ( sup IX*"'"^"— X*'"^! ) ~ and the path s -^ Xl'^ is continuous. 
"^°°^se[o,T] ^ 



(9.20) 



To apply Theorem 18.11 to the sequence |(y*"'^"j Z*"'^"^ iir*">^'>)}^ let us check the assumptions of this 
theorem first. We have seen that /*'^ together with |j*"^^"| satisfy (SI). 

Fix oj G ,yV^ . For any e > 0, the continuity of functions h and I assures that there exists a 5{ijj) G (0, 1) such 



that 



\h{i)~h{x')\\/\l{~s,i)-l{s',x')\ <e, V (s,x), (s',x') G [0,7] x ^(w) with |S - sT+ |i - x'p < ^^(a;). 
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where 



&{u:) ^ { 



= {x e 



\x\ <1- 



sup |X*'=^(w)| < ool. Moreover, in light of (|9.20p . there exists an N{lj) e N 



such that for any n > N{uj) 



se[o,T] 



|i„-t|V sup |X*-""H-X*'"H| < 



S{u;) 



se[o,T] 
Then for any n > N{uj), one can deduce the following statements: 

|/i(x^"'""H)-/i(x^"H)| <£, 

for any se [t„Vt,T], |i*'-^"(w) - L*^^(w)| == |?(s,X*"'^"(a;)) - ?(s,X*^^(a;)) | < e; 

for any s G [0,i„ V i], if <„ < t, |L*--"(w) - L*^"(w)| = |/(s V i„,X*;)f^"(w)) - ;(i,X*'"(w)) | = |;(s V 
t„, Xgyj^" (oj)) — l(t, ^svt„ ('^)) < £ since sV tn G [in, i]; on the other hand, if i„ > f, one can similarly deduce 
that |L*"^^"(a;) - i*'"=(a;)[ < e. 
Thus (S2) is satisfied. 

For any p e [1, oo), we have seen from (|9.13p that 



E 



exp {p (|/i(X^") I V L:-) }]^E [exp {p (|/i(X^") | V L*,'^) }] < Cp exp {(1 V pA.) 3^-'e''^^\xr} 



Similarly, it holds for any n e N that 



E 



exp{p(|/i(X^"'^")| VL*-^")}] < Cpexp{(lVpK)3"^ie'^"^|x„r} 

< 2-pexp{(lVpK)3^-ie'^^^(l + |:E|)"}. 

Thus (S3) also holds. 

Given (s, uj, y, z) e [0, T] x .yK'^ x M x W^, it holds for any n e N that 

|/*--"(s,L.,y,z)-/*^-(s,c.,y,z)| < |/(s, X*--"H, y, z) - /(s, X^'^H, y, z) | 
As n — >■ cxD, the continuity of / and (|9.20p imply that lim /*"'^" (s, a;, y, z) = /*'^(s, w, y, z), which in particular 

n— )-oo 

shows that for di (g) dP-a.e. (s,w) e [0,r]xr2, /*"'^"(s,a;,y,*'^(a;), Z*^^(w)) converges to /*'^(s,w, i;*^^(cj), Zp(w)). 



Now, applying Theorem IS . 1 1 vields that lim E 



exp ■( sup |F^*"'^" — F^*'^| 

sG[0,T] 



a subsequence {(i„.,a;„.)}jgpj from {(t„, a;„)}„gf, such that lim sup JK 



one has 



se[o,T] 



— 1, which allows us to extract 
Yg'^\ = 0, P-a.s. In particular. 



lim u (i„ . , a;„ . ) = limyQ"'' "' = limyQ"'' "' =Yq^ = Yq'^ = u{t^x)^ 



'0 — ^0 
which shows that w is a continuous function. Moreover, Corollarv l5.1[ (|9.2I) and Lemma [9.11 implv that 



-k(1 + |x|"^) < l{t,x) = L^^"' <u{t,x) = Y^''' <ZQ + -\nE 



exp • 



< Co + - In £; 

7 



exp<^7Ke'^^ sup \X'fr 
I se[t,T] 






n 



For any ^ € O*-^ = {^ ^ LO(J't) : C > L^i"', P-a.s. and E[eP^^] < cx), Vp G (l,oo)}. Corollary [O 
guarantees a unique solution (y*.^:?^ z*'^'«, X*'^'«) of the quadratic RBSDe(^, /*^^, L*'^) in n §^[0,T]. 



A 



For each s € [0,T], we can regard f ''^[^jJv,] = Y,*'^'^, ^ g O''^ as a nonlinear conditional expectation on O*'^ 
with respect to J"s (cf. g-expectations in the case of BSDEs, see e.g. [35], [TS], Subsection 5.4 of [2j and Section 
[7] of the current paper). Then the diffusion X*'^ has the following Markov property under f*'^: 
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Proposition 9.2. Let u he the function defined in (|9.14l) . For any {t,x) E [0,T] x R'' it holds P-a.s. that 

se[t,T]. (9.21) 



u{s,Xr)^Y:-^Y,% 



Proof: 1) We fix s e [t,T] and denote 6°, = e*f , i' G [s,T] for 8 = X,r, Z,ii:. Given n e N, there exist 



a finite subset {a;f j^^^ of 52^(0) = {x G R'' : |a;| < 2"} and a disjoint partition {l^^Y^^ of 52^(0) such that 
a;f e If e ^(R*^) and If C B2-^^ (xf) for i = 1, • • • , j„. Let 

Al'^{x°el,^}e:Fs, V z = 1, • • • , j„ and ^^^ = {x°, e ^2^ (0)} e J-«. 



For any t' € [s,T] and 9 = X,r,Z,ii:, we define 9^ == ^1^..9jr' G J"*- with sjf = 0. Then for any 
* — U, • ■ ■ , J„, 



i=0 



= x21a^+ f lA^b{r,X^)dr+ f lA^a{r,X^) dB,., P-a.s.; 
and that 



^lA^h{X^) + f lA^f{r, Xf , y," , Zf ) dr + lAf KJ^ - lAf K^ - f ^A^ Z^dBr , P-a.s. 

Summing up both expressions over i = 0, • • • ,jn, one can deduce from the continuity of function I as well as 
the continuity of processes {Xf }i/g[s_T]j {^t"}t'G[s,T] and {-ftTf }(/g[s_T] that P-a.s. 



Xf = X^+ f b{r,X^)dr+ f a{r,X^)dBr, t' e [s,T]; 



(9.22) 



l{t',XJi) <Y;,' ^ h{X^)+ f f{r,X^,Y;',Z;')dr + KJ^-Kl]- f ZyBr, t'e[s,T]. (9.23) 



Moreover, we also have 

i-T 



f (y," - l{r, X^))dK^ - E l-^r / {Yt'''^ - Lr"') dK:'""' = 0, P-a.; 
By dnH), it holds P-a.s. that 

X° =X°+ f h{r, Xl>)dr + I a{r, X,")dP„ t' G [s, T]. 

J s J s 

Subtracting it from (|9.22p . we can deduce from (|9.ip that P-a.s. 

sup |Xf,-XO| <|Xf-XO|+K /" |Xf-X°|dr+ sup /" (a(r,X;)-a(r,X°))dP^ 

s'G[s,t'] Js s'e[s,t'] Js 

By similar arguments to those that lead to (|9.7I) . we can deduce from (|9.25p that P-a.s. 



(9.24) 



i'G[s,T]. (9.25) 



n vO\^ ^ o^-i-pKxx^T I Iv-n _ v-Ql'^ 



sup \Xl]-X'^,\ <2 

t'e[s,T] 



sup 

t'e[s,T] 



{air,X;')-a{r,X^))dBr 
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And using similar arguments to those that lead to (I9.10p . we can deduce that for any p e (1, oo) 
E expip sup / {a{r,Xl^)-a{r,X°))dBr \ < c„ 

I t'fE[s,T] Js 



Then Holder's inequality implies that 



E 



exp<^p sup \Xl',-Xl,\ 



< { E 



exjplpT^e'^'^'^ sup 



t' 



{a{r,X^)~a{r,X^))dBr 



x{i?[exp{p2-e--^|x:^-X0p}]}"<2p{i?[exp{p22— le'^-^jXOf}]}', 
where we used the fact that 

I vn v^\ -I I vn vO\ i -i I \^0 1 ^- ry — n i -i I x^OI 

|-^s ~^s I — ■'-{|XJ|<2"}|-^s ^-^s |+-'-{|^1.1>2"}|-^s I ^ ^ +i-UX0l>2^\\^J 

Thus it follows that for any p £ [1, oo) 



4|XJ|>2"}| 



(9.26) 



E 



explp sup iXj'^r 
t'els.T] 



<'-E 
- 2 



exp<Jp2" sup \X'^,-X^M 



< Cp + E 



t'els,T] 

expL23^-ie"^^ sup |X° 

t'e\s,T] 



'-E 
2 



exp<^p2^ sup \X^ 



(9.27) 



As ((y^^^^Z"'^",^^^^?)} C n §^[0,r], one can deduce that for any pe [l,oo 

E expjp sup^ |r^^||+ n "^ \Z:\'dr\ + [K^ 

V'l.A" exp<^p sup \Y^,'''^ \\+\ i % 
.1^ \ 1^ *'6[s,r] J Vis 






(^rO' 



< 



E^ 



exp< p sup y^,' ' 

t'e[s.T] 






K 



< oo. 



(9.28) 



A 



2) Fix m e Nq. Since A"™ = l{t/<3}£;[X™| J't/] + l{t/>s}X™, i' e [0,T] is an F-adaptcd continuous process, the 



continuity of function I and / shows that O^ = l(t',Xl!^), t' £ [0,T] is also an F-adapted continuous process, 



and that 

/,„(t',w,y,z) = /(i',A'™(c^),j/,z), V(i',L.,y,z)e[0,T]xr!xM'=xM'^ 

is a ^ X £§(R) X ^(R'^)/^(M)-measurable function. Moreover, ^^-^^ show that /„ satisfies (H1)-(H3) 
with the same constants a, /3, k > and 7 > as /. For any p G (1, 00), the convexity of function y -^ el^l" on 

M and Jensen's inequality imply that < exp < (e[\X^\ \J-t'] ) (( is a continuous positive submartingale. 

^ ^ t'G[0,oo) 

Doob's Martingale Inequality then shows that 

p' 



E 



sup (exp{(E[\Xr\\J't']) I 



< i^fE 



which together with (19.27^ and Lemma 19.11 leads to that 



E 



exp 



{p{xn^} 



< E 



sup exp{p(E[\Xr\\Tt']Y} 
t'e[o,s] '- ^ ' ' 



E 



(exp{|xrr})' 



{I ^rm I '^ I 



< CpE 



exp<jp sup IX^,' 

t'e[s,T] 



< Cp + CpE 
< Cp + Cpexp{p23^-i3^-ie2''^'^|xr}. 



exp{p2'^-'e^^^ sup |A°p 
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Hence it follows from (19.21) that 



E 



exp|p(|/i(A'^)|v/:r)}] < eP'^-B[exp{(lVpK)(A'™)'^}] <2p + Cpexp{(lVpK)23^-i3^-ie2''^^|a;r} . (9.29) 



As y*'^ e E^[0,r], we also see from (|9:28)) that E e^l^"! < oo. Since Y^' > ?(s,X™) = ^(5,^"™) = £',", 
P-a.s., Corollary 15.11 implies that the quadratic RBSDE(F/", /m,/3™) over time interval [0,s] admits a unique 
solution{(3^™,Z;",/C;")| ^,^ , in n S^[0,s]. 

We extend the processes (3^'",Z™,/C™) to the period {s,T] by setting: Vt' e {s,T], 



{yjV,Z^)^iY,T,ZJ?) and /CJ? = 



/C™ + iC,': 



if m e N. 



Then (p:^ and (1^:^ imply that {(X;\ Z™, /CJ^')}f/e[o,T] is a solution of the quadratic RBSDE(/i(A'^'), /„, £'") . 

As (yt,^,z*^^,ii:*'^) e n §^[0,T], we see from (lOSl) that (3;™, Z'",/C"') G n S^[0,r]. Moreover, 
pe[i,oo) pe[i,cxo) 

CorollaryOand (jQgl) show that (3^™, Z", /C") is the unique solution of the quadratic RBSDE(/i(A'^), /„j, £") 

in n §^[0,T]. 

pG[l,oo) 

3) Squaring both sides of (|9.25p . one can deduce from Holder's inequality, Doob's martingale inequality, Fubini's 
Theorem and (1911 that 



E 



sup \X^,~X^,\ 
s'e[s,t'] 



< iE 



< iE 






^Sk^TE \X:^-X^\^dr + 12E \a{r,X:^)~a{r,X^)\^dr 



X"~X 



0|2' 



^3K^(r+4) / £; 



sup \Xl]~X^ 

s' £ [s.r] 



0|2 



dr, t' e [.s, T] 



Then Gronwall's inequality and (|9.26p imply that 



E 



sup \X?-X?,\' 
t'e[s,T] 



< 3E 



Ixr-XOp 



„3k^(T^+4T)<~ 2-2«+i5 



1 I vO| 



As £; 



XI 



< 00 by (|9.15p . letting n — ?► 00 yields that lim E 



martingale inequality implies that 



sup \Xli~X?,\ 
t'e[s,T] 



= 0. Since Doob's 



E 



sup \Xt^-X°\^ 
t'e[o,T] 



< E 



sup 

t'e[o,s 



E[X'^~X°\Tr 



E 



sup \Xli~X?,\^ 
t'els.T] 



< AE 



U"-X^ 



E 



sup \Xl]-X^,. 

t'e[s,T] 



< 5E 



sup \Xl]-X^, 

t'e[s,T] 



it follows that lim E 



sup \xp-X^, 

t'e[a,T] 

it by {A'"}„gN) such that except on a P-nuU set ^ 



= 0. Hence, we can pick up a subsequence of {A'"}„gN (we still denote 



lim ( 



sup \Xll — X^,\ j = and the path t' — >■ X^, is continuous. 



(9.30) 



To apply Theorem 18.11 to the sequence {(j^", Z",/C")} „, let us check the assumptions of this theorem 
first. We have seen that the sequence {/mjmeNo satisfies (SI), and that (j9.29p justifies (S3). 

Fix u! G jy^ . For any e > 0, the continuity of h assures that there exists a (5(a;) e (0, 1) such that 
\h(x)-h(x')\y \l(s,i)-l{s' ,x')\ <e, V(s,x),(s',x')e [0,7] x ^(w) with |S - sf + |i - a;'|2 < J^^o;), 
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where ^(w) = <x eR'' : \x\ < 1+ sup |A'j"(w)| < ool. Moreover, in light of (|9.30p . there exists an N{lu) e 

such that for any n > N{uj), sup |A'j?(w) — A'j'J(a;)| < S{uj). Then it holds for any n > N{uj) that 

t'e[o,T] 

\h{X^{ij))-h{X^{ij))\ <e and \ C^, {cj) - C°, (oj)] = \l{t'X[^{ij))-l{t'X°{ij))\ < e, t' e [0,T]. 

Thus (S2) is satisfied. 

Given (i',a;) e [0,r] x ^=, the continuity of / and ((0(I| imply that 

hm /„(t',a.,:y°H,Z°H) = hm f {f , X^ {uj) X i^) , Z^, {^)) = /(f, A-^H, ivf, M, Z° M) 



Now, applying Theorem 18.11 vields that lim E 

iubsequence of {3^"}„eN (w 
particular, it holds P-a.s. that 



exp<i sup \yji-y?, 



= 1, which allows us to extract 



.t'G[0,T] 

a subsequence of {3^"}„eN (we still denote it by {3^"}neN) such that lim sup \yi] — y^,\ = 0, P-a.s. In 



lim r," = lim 3^," = y^ = y," = r;-^, (9.31) 

where 

jn jn jn 

i=0 j=0 i=0 

Since lim X^ = X^ == X*-^, P-a.s. by (|05)) . Proposition lO and (P3T|) then imply that 

r,*^^ = lim u(s, X,") = u(s, X*^^), P-a.s. 

n^oo 

Eventually, the continuity of processes X*'^, F*'^ and Proposition 19.11 leads to (I9.2ip . D 

Theorem 9.1. The function u defined in (I9.14p is a viscosity solution of (|9.11l) . 

Proof: 1) For any x G K*^, it is clear that u{T,x) — Y^ '^ — h(^Xrp'^^ — h{x). We first show that u is a 
viscosity subsolution of (|giT|) . Let (io, a^o, ¥') € {0,T) xR'' x C^^^[[0,T]xR'') be such that u(io, a^o) = (^(^o, a^o) 
and that u ~ tp attains a local maximum at {tQ,xo). We prove by contradiction. Suppose that 



A 1 . 

e ~ — mm 
2 



{u - l){to, xo), --^(^0, a;o) -Cip{to, xq) ~f{to, xq, ip{tQ, xq), {a'^V^(p){to, xq)) I > 0. 



Since (/? E C^'^ ([0, T] x K'^) , the continuity of functions u, I, f and a as well as the assumption on local maximum 
oiu — ip assure that there exists a (5 e (0,T — io] such that for any t £ [to,to + S] and any x e M''' with jx — xq] < S 

\u{t,x)-u{to,xo)\<-e, {u-l){t,x)>e, {u ~ ip){t,x) < 0, (9.32) 

and ~-^{t,x)-C^it,x)-f{t,x,ipit,x),ia^\7,ip)it,x))>e. (9.33) 

Since {Xl°'^"]^ r _^ , and Y*-"'^" are both F'^-adapted continuous processes, 

j/^inf|se [0,(5] : JX*"'^" - xq] >(5|Ainf|.se [0,6] : JF,*"'^" - Fo*"'^"! > ^e} A (5 (9.34) 
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defines an F*°-stopping time such that i' > 0, P-a.s. For any to G fl and s S [0,1^(0;)], one can deduce from 
((O^ that 

> l{to + s, !*--« (w)) + ie = L*--° {^) + le. 

Because (y*o,^o^ ^to,^o^^to,^o) (= p §^,J0,T- to] solves the quadratic RBSDe(/i(X^«'"^"),/*0'^«,Z*0'=^c 

pe[i,oo) V 

with respect to B*'> over the period [0,T — to], its flat-off condition implies that P-a.s., Kl°'^<' = for any 

s G [0,!/]. Hence, it holds P-a.s. that 






^ ^ ./ly A e 



In other words, the processes (j^, Z) = { fexf°, l{s«.}^^'''°) } , e C^*o [0, (5] x n HpVt([0, J];M'^) 
solves the BSDE 



with f(s,w,2/,z) = l{,<,(„)}f°'"°(s,^,y,z), V(s,w,2/,z)e [0,5]xr!xMxM'^. (9.35) 

Like /*0'^o, j^ is a generator with respect to F*° over the period [0,(5] that satisfies (H1)-(H3). 
On the other hand, since 

Jo Jo 

applying Ito's formula to the process (p{tQ + -jX."'^") yields that 



-f (a^V,(^)(to + r,^;°'"°)dP*°, s€[0,S]. 

J v/\s 

Namely, {y',Z') = {((^(io + ^ A s, ^'"x^), l{,<,}((7^V,¥')(to + s,X*«>-°)) }^^ ^ ^ solves the BSDE 

f'rdr- I Z^dBl\ se[0,S], 

where f^ = -l^s<u}{^ + ^f) {to + s,Xl°-'^°), Vs G [0,6]. Since ^*0'^° is an F*" -adapted continuous process, 
and since ip G C^''^{\0, T] x R*^) , the continuity of function a implies that y' is an F*"-adapted continuous process 
as well as that Z' and f are both F*" -progressively measurable processes. Moreover, since |X*°'^° — xo\ < S 
holds for P-a.s. oj G il and s G [O, z^(u;)], and since (p G C^'^([0,r] x M'^), we further see from the continuity of 
function b and the boundedness of function a that y' , Z' and f are all bounded processes. 

One can deduce from Proposition 19.21 and (|9.32l) - (|9.34l) that 

yj°'^° = u(io + V. Xl^'^') <v{to + V, Xl'-""") , p-a.s., 
and that on fl 

-l{s<.}/(^o + s,X*°'-«,V9(io + s,X*«-«),(a^V,¥>)(to + s,l*"'^°)) >£!{,<.}, Vsg[0,5]. (9.36) 
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The first part of Proposition 17.11 or that of Proposition 17.21 imphes that P-a.s., X ^ 3^s ^^^ ^^Vf s e [0,(5]. 
Since y'^ = ip{tQ,XQ) = u{tQ,xa) = Y^°'^° = J^q, the second part of Proposition 17.11 or that of Proposition 
O further shows tliat p(^^ (f, - ^{s,y'^,Z'^))ds = o] > 0. However, ((OSl) and ((OI)) show that P-a.s., 

/„ (fs ^ f(^i3^si^s) l*^^ > £i^ > 0, which leads to a contradiction. 

2) Next, we show that w is a viscosity supersolution of ((9TTt . Let (io, a^o, v) e (0, T)xM.^ x Ci'2([0,T] x R*^) 
be such that uit^^ xq) = </'(io, a^o) a-nd that u ^ ip attains a local minimum at (to, a^o)- Since 

K(to,xo) = r/-^° > L*-^° = ^(io,<""°) = ^(io,xo), 

it suffices to show that 



-ito,xo) - Cip{to, xo) - f {to, xo, ifiito, xo) , (cr'^y x'P)ito, Xq)) > 0. 
To make a contradiction, we assume that 

£ = 2 ( ~lt^^°' ^°^ +'C(^(io, a;o) +/(to, a;o, (pito,xo), {a^Vx'^)ito,xo)) j > 0. 

Since (p € C^'^([0,T] x M'''), the continuity of functions / and cr as well as the assumption on local minimum of 
u — if assures that there exists a. 6 & (O, T — to] such that for any t € [to , to + S] and any x G M'"' with |x — xo | < 6, 
one has 

-^{t,x)+Cip{t,x)+f{t,x,ip{t,x),{a'^\7xf){t,x))>e and {u- ^){t,x) > 0. (9.37) 

We still define the F'" -stopping time i' as in (I9.34p . It is easy to see that the processes 

(3;,Z,V) = ffes"",l{,<,}Z*o^-°,i^*-r)} , eC^.„[0,(5]x n H^fP([0,5];M'^) x n ]K^,J0,<5] 
I- V /J se[o,s] pe[i,oo) pe[i,oo) 

solves the BSDE (j7.6p with generator / = f as defined in (j9.35p over the period [0, S]. Let (3^', Z') be the pair 
of processes considered in part 1. Proposition 19.21 (|9.37p and the definition of i/ imply that 

i;*«^"« = u(to + i^,X*«'"") > ip{to + iy,Xl«'^°), p-a.s., 

and that on fl 

f(s,y,Z') -fl = l{,<,}/(to + s,X*°'^°,¥>(to-fs,X*'"^«),((7^V,^)(to-t-s,X*°^^°)) 

+l{s<.}{^ + Cv){to + s,Xl"'^'') > el{,<,}, Vse[0,J]. 

Using similar arguments to those that follow (|9.36p . we reach a contradiction. D 

For the uniqueness of the viscosity solution of (|9.1ip , we first establish a comparison principle between its 
viscosity subsolution and viscosity supersolution: 

Lemma 9.3. Let a > and C G M. Ifu G ^([0, T] xR'^) is a viscosity subsolution (resp. viscosity supersolution) 
of (|9TT|1 . then 

u(t, x) = ae'^*u(t, x), V (t, x) G [0, T] x R'= 

becomes a viscosity subsolution [resp. viscosity supersolution) of the following obstacle problem of semi-linear 
parabolic PDE 

lit, x) - ae^HU, x), -T^(t, x) -Cu(t, x) ~fjt, x, u(t, x), VMt, x)) I = 0, V (t, x) G (0, T) x M'', 

9t '} (9.38) 

n{T,x)^ae'^'^h{x), Vx G M*-', 
where /„(t, x, y, ^) = -(y + ae'^'f (t, x, ^e'^'y, ^e~^' a^(t, x) • z) , V (y, z) G R x R^ 
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Proof: We first assume that u is a viscosity subsolution of (|9.11l) . Clearly, u E C{[0,T] x R'') and ■u{T,x) = 



ae'^^u 



{T,x) < ae^'^h{x), \/ x e M''. Let (ica^o,-?) € (0,T) x R'= x C'^''^{\{),T] x M'=) be such that u{to,xo) 



(p{to,xo) and that u — ip attains a local maximum at {tQ,xo)- Then 

ip{t, x) = -e^'^*^(t, x), V {t, x) e [0, T] X 







is a C^^^([0,r] X M.*^) function such that u (to, a;o) — (p{to,xo) and that u — (/3 attains a local maximum at (io,a;o). 
Thus, 

min <{u~l){to, xq), - — {to, xq) -C(p{to,XQ) ~f{to,XQ,u{to,xo),{a'^-Vxyy){to,xo))l < 0. (9.39) 

Suppose that u{to,xo) — ae^^°l{to,xo) > 0, or equivalently, u{to,xo) — l{to,xo) > 0. By (|9.39p . 

{to,xo)-C(p{to,xo)-fi^to,xo,u{to,XQ),{a'^-V^ip){to,xo)j < 0. (9.40) 



dip 



dt 

For any [t, x) G (0, T) x M''', one can compute that 



{t,x)^ -e ^'^{-^{t,x)-Cv{t.x)), V^ip{t,x) :^ -e '^^Vxip{t,x), and Cip{t,x) = -e '^*Ctp{t,x). 
at a \ ot J o a 



Plugging them into (|9.40l) yields that 

--J(io,a;o) + Cu(to,a;o)-/:(?(to,a;o)-ae'^*''/fio,a;o,-e~'^*°M(io,a;o),-e"^*°(a^-V:,^)(to,xo)) < 0. 
at V a / 

Hence, we have 

t(io,a;o) - ae^*«/(io, a^o), --^(^o,a;o) -£^(^0,2^0) -/[^o, 2;o,M(to,a;o), V2;(^(io,a;o)j > < 0, 

which means that -it is a viscosity subsolution of (|9.38p . For the case of viscosity supersolution, we can argue 
similarly. D 

Inspired by Theorem 3.1 of [7], we have the following comparison theorem, which together with Theorem 
19.11 shows that (|9.1ip admits a unique viscosity solution. 

Theorem 9.2. Suppose that there exists an increasing Junction 971 : (0,oo) — >■ (0, 00) such that for any R>0, 

\f{t,x,y,z)^f{t,x',y,z)\<m{R){l + \z\)\x-x'\ (9.41) 

holds for any {t,x,x',y,z) € [0,T] x M*^' x R*^ x M x M'' unth |x| V |x'| V \y\ < R. Let u e C([0,r] x M'=) (resp. 
V £ C([0, T] X M'^') ] be a viscosity subsolution {resp. viscosity supersolution) of (I9.1ip such that for some k > 0, 

\u{t,x)\\/\v{t,x)\<'li{l + \x\'^), V(i,a;) e [0,T] xM'=. (9.42) 

Then u{t,x) < v(t,x) for all (t,x) e [0,T] x R'' . 
Proof: For any 9 E (0, 1], we define 

ueit,x)=ee''*u{t,x) and ve{t,x) ^ ee''*v(t,x), V (t, x) G [0,r] x R^ 



Lemma [9.31 shows that ug (resp. vg) is a viscosity subsolution (resp. viscosity supersolution) of ()9.38p with 
{a,O = {0,K). 

Let A — 8(60 + n) + 4(1 + 4:'ye)al + 2{a + 4KK)e"^. Suppose that we have proven the following statement: 

For any [Ti,T2] C [0,r] with T2 - Ti < i if u{T2,x) < v{T2,x), \f x e R'', then 

(9.43) 
u{t,x) < vit,x), V(i,x) e [Ti,T2] X R'=. 
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Set N = [AT] and U = i^, for i == 0, 1, • • • , iV. Since u{T, x) < h{x) < v{T, x), Vx G R'', (PTig]) shows that 
u{t,x) < v{t,x), V(t, a;) e [tN-i,tN] xR*-', in particular, u{tN^i,x) < v{tjM^i,x), Vx G R*^. Again by (|9.43p . we 
have u{t,x) < v{t,x), y{t,x) e [ijv-2,^Af-i] x R*^, in particular, u{tN^2,x) < v{tN^2,x), Vx G R''. Iteratively, 
one can show that u{t,x) < v{t,x) for all {t,x) £ [0,T] x R*^. Therefore, it sufBces to show (|9.43l) . 

Assume that (|9.43p does not hold, i.e., there exists a time interval [Ti,T2] C [0,T] with T2 — Ti < j such 
that u{T2,x) < v{T2,x), Vx € R'' and that u{i,x) - v{i,x) > S for some {i,x) £ [Ti,T2) x R'= and some 5 > 0. 
By the continuity of functions u and v, we may assume that t > Ti. 

We divide the proof into two cases. 
Case 1: The mapping z — > f{t,x,y,z) is convex for all {t,x,y) £ [0,T] x R*^ x R. 
We fix a 6* e (0, 1) such that 

le^'^uii^x)] V |e"*i;(f,x)| Ve^(^^-*'(l + 2|xn < ^ (9.44) 

4(1- t'j 

and fix a p e (O, |(t — Ti)). For any e > 0, we define 

<^,it,x,x') = ^-^ + e^(^^-*) (^^^ + (1 - 0)il + \x\' + Ixf)) Vi £ (Ti,T2], Vx,x' £ R^ 
and Af £ = sup {ui{t,x) — vg{t,x') — ^e{t,x,x')j. 

(t,a;,a;')6(Ti,T2]xR'«xR'« 

4/56""^ A / STie'^'^ \ ^~" __— __ 

Since r^ > -(1 + r") holds for any r > Rg = 1 W [ , (pii^ shows that for any {t,x,x') £ 

1 — \ \ — J 

[Ti,T2] X R*^ X R*^ with \x\ V \x'\ > Rg 

u,{t,x) - vg{t,x') < e-^{\u{t,x)\ + \vit,x')\) < 2^e«^(l + (|x| V \x'\r) < ^(1 - 0){\x\ V \x'\f 

< le^(^--'\l-9){l + \xf + \x'f), (9.45) 

which implies that 

lim (ui(t, a;) — '5e(^, x') — $e(i, x, x')) — —00. 

T — ?7^ via;! Vlx'l— >cxD 

t-Ti III 

Hence, one can deduce that the supremum M^ is finite and attainable at some {t^,Xs,x'^) £ {Ti,T2] x R'' x R*^. 
Then it follows from (|9.44l) that 

t — J-l 

> u{i,x)-v{i,x) + {l-9)e^'v{i,x)-j^^~e^^^^-'Hl-e){l + 2\x\') > ^, (9.46) 

which implies that 

^ +eA(T.-t) ( ^Xe~^x'f ^ (^ _ ^)(^ ^ |^^|2 ^ 1^, |2)j < Si(t„X,) - Mte,x',). (9.47) 

Hence, we see from (19. 45^ that 

|xe|V|x;| <i?e. (9.48) 

As I (te,Xe,x^) : £ > 0> C (Ti , T2] X i3fl^(0) X i37?(,(0), we can pick up a sequence {eii}neN C (0, oo) with 
lim I e„ = such that the sequence { (i^^ , x^^ , x' )| „ converges to some (t*,x*,x'^) € [ri,r2] x Bjf^{0) x 
^-Re(O). Then (19. 46^ and the continuity of function u and v imply that 

c 

n—^oo t^ — ±1 n^-oo 4 
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which imphes that i* — lim t^^ > Ti, i.e., t* e {Ti,T2]. 
One can also deduce from (j9.47p that 

lim — — £^2— < Ul{t^,,x^,) — ve{t*,x'^) < oo, 

n->oo £„ 

which leads to that lim la;^^ — x^ | = 0, namely, x^ — x'^. For any n € N, 

i* — ii 
As n — >■ cx), the continuity of functions u and w implies that 

lim ^-^ £^ = 0. (9.49) 

n->-co £„ 

Now we claim that 
{£n}nGN has a subsequence {£n}neN such that for any n G N, either t^^ — T2 or m(%^, zj-J < l{t^^,x^^). (9.50) 
Assume the contrary. Then there exists an n° e N such that for any n > n°, t^^ £ {Ti,T2) and u{ti.^,XeJ > 

K'ts„,XeJ- 

Fix n > n°. The continuity of functions u and I shows that {t^^,x^J has an open neighborhood On ~ 
{te„— rn,te„ + Tn) X Br^{x^^ C (Ti,T2) X R'"' for somc r„ > such that u{t,x) > l{t,x) for any (t,x) G On. 
Then u(t,x) becomes a viscosity subsolution of (|9.38p without obstacle and terminal condition over ©„, i.e. 

- -^{t,x)-Cu{t,x) + Ku{t,x)-e''*f(t,x,e-''*u{t,x),e-''\cr^-'^^{i){t,x)]^0, V (t, a;) G 0„. (9.51) 

As vg is a viscosity supersolution of (j9.38p . it is clearly a viscosity supersolution of (|9.38p without obstacle and 
terminal condition over (0,T) x R'"' (thus over O^ = (^e„~ ''n,^e„+ ?"«) x Br^{x'^J), i.e. 

- -^(i,a;)-/:w(t,a;) + Kw(t,a;)-6'e''*/(i,a;, ie~''''y(t,a;),ie-''*(cr^-V:rw)(i,a;)] = 0, V (i, x) G O^. (9.52) 

Since the mapping {t, x, x') — )■ ui{t, x) — vg{t, x') — $e„ {t, x, x') is maximized at (i^^^, a;^^, x^ ) over (Ti, r2] x R*^ x 
R*^ (thus over (ie„— r„,ie^ + r„) x Br^{xe^) x i?r„(a;£,J), Theorem 8.3 of [6] shows that there exist Pn,Pn G K 
and H/„, W;; G §'= such that 

{pn,V^^eJt,^,Xe,^,x'J,Wn) G P^'^Ui (te„, a^ej, (9.53) 

(K, -V,-$e„ (ie„, a:,„, <J, PF;:) G V^'^ieite^, x'J, (9.54) 

Pn-p'n = —gf-{te„,Xe„,x',J = - _^ - A$e„ (ie„, ^e J , (9.55) 

and (^^" ^^,^ <Dl,,<P,^{t,^,x,^,x'J + el(^Dl,,<P,^{t,^,x,^,x'jy. (9.56) 

As ui is a viscosity subsolution of (|9.5ip . one can deduce from (j9.53p that 

-p„ - itrace(W^„ • (aa^) (ie„, x^J) - 2e^(^^^*-") /6(i,„, x^J, '^""~''"" + (1 - e)x,\+Ke^'^-uite„, x^J 

-e''*-/ ('ie„,2:e„,w(te„,2;eJ,2e-'^*-+^(^^-*-V^(ie„,X,J • f^I^^j^^ + {l-9)x,}j) < 0. (9.57) 
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Since ve is a viscosity supersolution of (|9.52p . it follows from (|9.54l) that 

■^ \ ^n 

-Oe-'^-f ('t,„,x' ^;(t,„,<J,^e-«*-+^(^-*-)a^(t,„,x' ) • f ^i^Z^-(l-0)< J ) > 0. (9.58) 



{l-e)x'^ )+0Ke'^*-"v{t,^,x'^ ) 



Subtracting (P?55| from (P?57| . we see from (P?551) that 






i=3 



where 






/: 



/,! = -trace(W^„ • (af7^)(te„,a:ej) - ^tTa.ce{w;, ■ {aa^){t,^,x'J), 

b{t,^,x,J - b{t,^,x'J, ""'"'^^"y + (l-^)((&(^e„,a;,J,x,„) + {b{t,^,x'J,x'J 

In = ~f^u{ts^,XeJ +9Kv{te„,x'^J, 

f[te^, Xe^, u{te^, X^J, J„j - f [t^„: X^^, v{t^^^, x'^J, J„ j , with 



/6 ^ /(i^^, 4^, „(t^^, 4j, j„) -9f (^i,„, 4^, «(t,„, 4j, ^j:}j 



with 



• One can deduce from (19.56^ and (|9.1I) that 

1 ^ 1 /fT(te„,xJ\^ / 1^„ \fa{t,^,x,J\ 
" 2U(^e„,<Jy' I -W,;; {cT{t,^,x'jJ 

+ ((l-0)e^(^-*-)+24(l-0)2e2MT.-*.„))(|^(i^^^^^j|2 + |^(,^^^^,j|2^ 

It -t' |2 



^ _..2 l-^En -^-^ 



i 

• It follows from (|9TT|) that 



2 ^ ., I'^Eii •^En I 



+ ii-e){bo\xj + bo\x'j + ^\x,f + «Kn. 



(9.59) 



(9.60) 



(9.61) 



• We see from (pTfl) that M(ie„, x^J - Ov{te^, x'^J > 0. Then (1931) shows that 

/^ < K|w(t£„, x^J - v{te„, x'^Jl < n{u{t^^, a;gj - 9v{t^^, x'^J) + k(1 - 6l)|w(te„, a;^^ 
Thus, 

il + ii<K{i-e)\v{t,,,x'j\. 



(9.62) 
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fOg]) and IB^ imply that sup{|xej V \x'^.\V \v{te^,x'^)\} <Re = (1 V K)(l + i?^). Then (|OT|) shows that 

ievf 



I^<miRg){l + \Jn\)\xe„-x',J<miRg){l+2ea, 



\Xs„-x'e\ 



2ea^Rg ) \x^ — x' 



(9.63) 



The convexity of the mapping z — )• /( t^^, a;^^, v{ts„, x'^^, z ) , (J9.3I) implies that 

I'n < {i-9)f(t,^,x'v{t,„,xi),:^^^-^)<{i-e)f(t,„,x',^A^^^^-^ 



where 



1 

Since 






1 






\X,^-X', |2 ^ ^ 

< K 2^ — , (|9.49l) and the continuity of function a that 



lim :^!i_^ =4e-«*-+^(^^-**)a^(i„a:,) -x,. (9.64) 

n— >oo 1 — t/ 



Letting n — > oo in (|9.59p and using the continuity of all functions involved, we can deduce from (|9.49p . (|9.60p 
through (|g:M|) that 

A(l-0)e^(^^-**ni + 2|a;,n < 2(l-0)e^(^^^**V2+4(l-0)(&o + K)e^(^^-*-)(l + |x.p)+2Ke''**(l-0)|w(i*,x,)| 

+ e'^*- (l-6')/(i., X,, 0, 4e-''*-+^(^^~** V'^(i., X,) • x,) . (9.65) 

Conditions (I02)) and ((93)) imply that 

2Ke'"**|w(i*,x,)| + e'^*-/('t,,x,,0,4e"''**+^('^^~*-V^(t*,x*)-x,') 

< 2nne'^''{l + jx^D + e«*- (a + STe-^-^^+^Xr^-*.)^^!^,^) 
<(a + 4«;75)e«^(l + |x.n + 87e^''*-+i+^(^^-*-V2|x*|2. 

Plugging it back into (|9.65p yields that 

A(l_0)e^(^^-**)(l + 2|x,n < (l-0)e^(^^-*-)(l + |x,n(4(6o + K) + 2(1 +476)^2 + (a + 4KK)e"^) 

= iA(l~0)e^(^-*-)(l + 2|x,n, 



which results in a contradiction. Thus we proved claim (|9.50p . Let {e„}neN be the subsequence of {enlnGN as 
described in (|9.50p . For any n e N, since the maximum is attained at (t^^, x^^, x~ ), 



u{i,x)~ei{i,x)-^ e^(^^-*)(l-6l)(l + 2|xn < A'%„ < u(%„, XeJ-6lf)(%„,xy . 



(9.66) 



If %„ = ^2, w(%^, XgJ — u{T2,x^^) < w(T2,XgJ — «(%„, XjJ by our condition. Otherwise, %^ e {Ti,T2) and 
u(ig^, XeJ < l{t^^,XeJ. As w is a viscosity supersolution of (|9.1ip . we always have v{te„,Xe„) — l{t^^,XeJ > 0. 
Thus we still have u{t^^, x^J < v{t^^, Xe„). Then (|9.66p reduces to 

u{i,x)~ev{ix)~^ e^(^^"*)(l-6')(l + 2|xn < u(%„,x^J-6'w(%„,x~ ). 



i-Ti 



As n — )■ oo, we obtain 



M(t,x)-0w(i,x)-.^^-e^(^^-*)(l-0)(l + 2|x|2) < {l^e)v{t„x,). 



t-Ti 
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Letting g — > and letting — > 1 yield that u{t,x) — v{t,x) < 0, thus u{t,x) < v{t,x), which contradicts with 
our initial assumption. Therefore, (I9.43|) holds. 



I'^ 



Case 2: The mapping z — > f{t, x, y, z) is concave for all [t, x, y) E [0, T] x M.'' x M. 
This case is similar to Case 1, so we only sketch out the main differences: We redefine 

Ms ^ sup {ue{t,x) - vi{t,x') - ^e{t,x,x')} 

{t,x,x')£{Ti,T2] xR*" xE'= 

for any £ > 0, and change the forms of /^ through I^ correspondingly. For example, 
Then the concavity of the mapping z —>■ f 1 1^^, Xe„, w(te„, XgJ, z ) implies that 

All other arguments used in Case 1 still work in this case with slight adaptions. D 

Remark 9.1. Theorem \9.S\ is not a simple extension of Theorem 3.1 of '71. In fact, there are two gaps in 
the proof of Theorem 3.1 of jll: In their setting of u'^{x,t) — /ie^^*M(x,t) + C(l + \x\p) {given that \u{x,t)\ < 
C(l + \x\P) for some p > 1), L is required by their Lemma 3.4 to be dependent on jj, G (0,1), see (|A.9p . 
This causes a trouble when letting fi ^ 1 in /iu — v < {or equivalently in (jA.12p ) to obtain u < v, see 
(1) of Subsection \A.!A Another gap is still due to Lemma 3.4 of /?/, see (2) of Subsection \A.!A In our proof 
of Theorem \9.^ we set ue{t,x) = 9e'^^u{t,x), 9 S (0,1). Clearly, the constant k, assumed in ()9.1|) - (I9.3|) . is 
independent on 9. Moreover, since ug does not contain the term C(l + \x\^) as in u^, we do not need to derive 
and use the counterparts to Lemma 3.2-3.4 o/ [W. 

A Appendix 

A.l Proof of (Ell) 

Lemma A.l. Let M be a generic Banach space with norm \ ■ |b and let p,q £ [1, cxd). // {A'"} is a sequence 

o/L^'''([0,T];B) such that it holds dt®dP-a.e. that 

limAf^At and |Aj"|b < A't, Vn e N (A.l) 

for some M-valued, F -adapted process X and some X e Lp''([0, r];M), then X G Lp'''([0,T];B) and HAIlLP'-j^rQ j^i.^-j 

= lim \\X"'\\i^p.i(^[o.T]:M)- 
n— >oo ^ M.J,/ 

Proof: We assume that except on a P-nuU set .Ji, ((A?T|) holds for a.e. t e [0,T]. Since X e L^''^([0,T];R), it 
holds except on another P-nuU set y\^ that 

( /g X[dt] " < oo, thus /q A'fdt < oo. 
For any lu G ^^ H -yf^f, since it holds for a.e. t e [0, T] that 

\Xt{u;)\l=lmiJX^{u:)\l and \X^ {i,)\l < {Xt{u:)Y , Vn € N, (A.2) 

the Dominated Convergence Theorem implies that 



f \Xt{i,)\ldt= lim / |Ar(c.)|^di. 
Jo "^°°7o 
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It also follows from (jA.2p that for any n e N 



T pT 

\X'^{^)\ldt< / {Xt{oj)Ydt, thus 
Jo \Jo 



^ xrH|j;dt) < ( r {x,{u;)Ydt 



Applying the Dominated Convergence Theorem once again yields that 



E 



\Xtiuj)\Ut 



~ lini E 



l^rMl^rfi 



< E 



{Xt{i^)Ydt 



< oo. 



D 



Now, let us prove dSH]). Fix n G N. We have seen from ((XTU|) that |.,/U'(y™ - F")! (Z™ - Z")| C 
IHIp([0,r];R''). As m — > cxD in p.3p . the continuity of function (p' implies that P-a.s. 

|(/)'(rt - y^")! < e^°''(^*+"^*\ i e [o,r]. (A.3) 

Similar to (|3.6p . applying Young's inequality with Pi = — j P2 = j- and ps = Po, we can deduce from p.2p that 



Jo 



< CA,A'£; 



gA„pi7if- + gA„P273'.+ / |Z,-Z^fds 



< ca,a'^ + ca,A' E 



iZJ^ds 



< 00, 



which implies that J\(I)'{Y -Y''')\{Z - Z") e H|([0,T];K'^). (Note that since ¥"■, n e N are F-adapted 
continuous processes, Y — lim F" is at least an F-predictable process.) 

n— fcjo 

For any X e H|( [0 , T] ; R'') , we have seen from ^^ that ^ + ^ + ^ = 1 , or equivalently ^^ + ^ + 1 = 2-^. 
Applying Young's inequality with qi = pi(2 — —^, q2 = ^2(2 — -) and q^ — 2 — ^, we see from (jA.Sp that 



E 



U'(y,-n")||x,rds 



< CA,A'^ 



3^^917^. + e^^9273<. ^ 



I AT J ds 



< ca,a'S + ca,a'-B / |As|rfs<oo, 
io 



which means that X^/\(j)'{Y — Y"-)\ G Hp^''" ^ ([0,T];R''). Since the sequence {Z"^}m>n weakly converges to 
Z in Hp^P°([0,T];R''), it follows that 

lim E f Xs JU'{Ys-Y^^)\ [Zs - ZD ds = 0. (A.4) 

m— >-oo Jr. V 

On the other hand, for any m > n Holder's inequahty and (13.21) imply that 



E XAJU'iY^-Yj-) 



y^|0'(yr-i;")|^ (zr - zi^)ds 



< 



A,, 



(^y^|0'(n - y;0| - v/|0'(rr - n")|) 



rn ry7l I 



Z"-Z' 



Hp^P°"'([0,T];l 



'([0,T];B'') 



<CA,A'^"''° 



A, 



b'{Y,-Y^)\-JU'{Y,^-Yr) 



(A.5) 



-([o,T];: 



It follows from (l3?8t that P-a.s 



< \Xt\ {j\<l>'{Yt - y^")! - ^<t>'\{yr - YP)\) < \Xt\\/\^'i^i - ^t% ViG[0,r], Vm> 
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Since |XL/ (/)'(!" — F") G Hp^''° ^ ([0,T];]R), one can deduce from the continuity of function ((>' and Lemma 
rOj that 



lim 



Xs 



2p„ =0, 

2po-l([o,T];M) 



which together with (JA.SP impHes that 

[^fi^m^mi - ^J\^'(Yr-Yr)\j {zt - z:)ds = o. 



hm E I Xs 



Adding this hmit to that in (jA.4p yields that 

jirn^i?^ X, (^y^|0'(i;-n«)|(z, - z«) - y^|<^'(r™-y,")|(zr - z^')) ds = o. 

Thus (p34)) follows. D 

A. 2 Comparison Theorem for Quadratic RBSDEs with Bounded Obstacles 

Proposition A.l. Let (^i,/i,i^), {(,2,f2,L^) be two parameter sets such that 

(i) For i = 1,2, {£,j,U) e L°^(J't) x C^[0,T] and f, satisfy (HT1) .- 

('iij /i /loZds P-a.s. t/iat ^i < ^2 and that L\ < L^, Vi G [0,r]; 

(Hi) For some 7 > and some function £ : M. —> {0, 00) with L jrp- = cx), it holds dt (E) dP-a.e. that 

-m - \\z\^ < fiit,u;,y,z) < f2{t,Lu,y,z) < £{y) + ^\z\\ V(y,z) G M x M.'^ . (A.6) 

If for j ^ 1,2, {Yi,Z^,K^) e Cf[0,T] x H|([0,r];R'') x KF[0,r] be the maximal bounded solution of the 
RBSDE{^j, fj, U) in the sense of Theorem 1 in f j^) /, then it holds P-a.s. that Y^ < Y^ for any t € [0, T\. 

Proof: Fix j e {1,2}. Let us first recall the construction of the maximal bounded solution (F-', Z^ ,K^) of the 
RBSDE{^ j, fj,L^) from y^. Since J^ -S^ = 00, Lemma 1 of [H] shows that there exists a unique solution 
M* : [0,r] — > M to the following backward ordinary differential equation (BODE for short): 

u^{t) =bj+ I £ (u^'(s)) ds, t e [0,T], 
where bj = ||^j||Loo(jr^) V ||i-'||c°=[o,T]- Correspondingly, u^t) — e'''"'^*^ t £ [0,T], uniquely solves the BODE: 

where £(y) = l{y>o}7y^(^ In y), Vy e M. 

Let -0 : ]R -> [0, 1] be a smooth function that equals to 1 inside [?■, _R] and vanishes outside (r/2, 2i?) with 
r = i exp { - 7(l|i'llc-[o,T] V ||L'|Jc-[o,T])} and i? = 2 {u\Q) V u\Q)). Clearly, the function 

4(i,c.,y,z) = V'ly) (72//, ft,c.,i^,— ) - i^l , V(i,w,2/,z) e [0,r] X O X R X R'^ 
^ I V 7 72// 2 y J 

is ^ X ^(M) X ^(M'*)/^(R)-measurable and satisfies dUT]). By (|X6|) . it holds dt (g) dP-a.e. that 
-7(y) - |-|z|2 < Fi^{t,u,y,z) < £{y), y{y,z)eRx R^. 
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Hence FU-, •,/5(-), can be approximated by the fohowing decreasing sequence of functions: For any n G N, 

F^;"(i, w, y, z) = I{p{y)) (l - ^„(z)) + 7r„(z)F^ (i, l^, p{y), z) , V (t, l^, y, z) G [0, T] x r! x K x R^ 
where p : K — > (0, oo) and 7r„ : R'^ — > [0, 1] are two smooth functions such that 

p(x)= X :^^-|^' ^^d -«W = |o^ if|z|>n + l. 

l_ 2rt, II X > 2rt, 

Clearly, F;^'" is also ^ x ^(R) x ^(R'^)/^(R)-measurable and satisfies (|4TT|) . Since it holds P-a.s. that 

-7(p(2/))-|-(n+l)2 < 7(p(j/))(l-27r„+i(z))-||z|V+i(^) 

< i^^'"+i(i,c.,2/,z)<F^^"(i,w,y,z)<7(p(y)), V (y, z) G R x R^ 

we further see that Fi'" is a bounded function. Thus, [19 shows that the RBSDE(e'''^^, Fi'", e'''^ ) admits a 
maximal solution (F^^", Z^^", X-''") . We see from Remark 1 and Lemma 2.2 of [14 that {u^{-), 0, 0) is the unique 
solution of the RBSDE(eT''j , lo p, e^''^). Then Lemma 2.1 of 14 implies that P-a.s. 

r < e''^* < ?/'"+' < ?/'" < u^{t) < u^{0) < R and Kl'" < K{-"^\ t e [0,T]. 

Using the fact that dt (g) dP-a.e., Fi'"'{t, uj, y, z) converges to Fi{t, uj, p{y), z) for any {y, z) e R x R'', the proof 
of Theorem 2 in [14^ shows that 

?/ = hm ; Vr e [r, Rl Kl ^ hm t K^. t e [0, T], (A.7) 

and that the limit Z^ of (zJ'"} C H|([0, T]; R'^) constitute a maximal bounded solution of the RBSDEfe'^^J , 
Fj, , e'''^ ) . Then the proof of Theorem 1 in 14^ indicates that 

is a maximal bounded solution of the RBSDE(^j, fj, U). 
For any n G N, it follows from (IA.6I) that dt (g) dP-a.e. 

F^'"(i,c^,2/,z)<F''"(t,c.,y,^), V(2/,z)eRxR''. 

Thanks to Lemma 2.1 of [M] once again, it holds P-a.s. that Y^ '" < Yf. '" for any t E [0,T]. As ti — > oo, one 
can deduce from (|A.7p and (jA.Sp that P-a.s. 

rti<i;^ thus Y^^ <Yt^, vte[o,r]. n 

A.3 Two Gaps in [7]. 

(1) In [l7], the authors fixed a /i S (0, 1) and chose an 

L>C{l + il^p)-p') (A.9) 

for some constant C (see line -5 of Lemma 3.4 of 7 ). By setting u{x,t) — e^^^u{x,t) + h(x) and v{x,t) = 
e~^*v{x,t) + h{x), they showed that p,u — v < step by step over each subinterval R^ x [-^^x^'t]' "^ ~ 
I,--- ,rFr]. Thus 

fiu{x,t)-i{x,t) <0, V(x,t) e R^ X [0,T]. (A.IO) 
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Then they claimed that letting /i — >■ 1 results in 

w(x, t) < v{x, t), V {x, i) e R^ X [0, T] (A.ll) 

(see proof of Theorem 3.1 of [7 ). However, this is not true. Actually, (|A.10p is equivalent to 

fiu{x,t)-v{x,t) <e^\l~ fi)h{x), V(a;,t) e M^ X [0,T]. (A.12) 

As /x -> 1, the right-hand-side of (IA.12p goes to oo for any {x,t) e M.^ x (0,r] since L > C(l + (1 - m)"^'). 
Hence, their claim (|A.11[) fails. 



(2) Moreover, their step-by-step method in showing that fiu — v<0 holds over each subinterval M.^ x [^^^77^, j^] 

n— 1 m ' 
L ' L. 



may also cause a problem. This argument requires that £[^{x, t)] > holds for any (x, t) £ R^ x (^^77^, ^] (cf. 



Lemma 3.4 of [7]), which entails that 



L _ Cfe^ _ /c^P c^'-i.V^f ^!_ + iV 



_ pPCPC e^^P'i^^ + lj >1 (A.13) 

holds for any t G (■^^^7-'-, j^] (see line -8 of Lemma 3.4 of 7 ). So it is necessary to have 

L>^+ 4pP'CP'C^'"^e"P' (— — + lY + 4. (A.14) 

C V 1 - /i / 

When we take m — [LT] , the right hand side of (|A.14[) will be much larger than L, a contradiction appears. 

However, one might try to change the test function $ in Lemma 3.4 of [7 by some $,„ over M^ x {^^^^^, ^] , 
for example ^m{x,t) — $(a;,i — ^^x^)- Correspondingly, one has to show that 

'm — 1 m 



C[^rnix,t)] > 0, for any (a;,i) gK" X f- 



L ' L 



In the last term of £[$m(a;,i)] (see the definition of operator C in Lemma 3.2 of [T), the fourth variable of 
function / still contains e^*. Then similar to line -8 of Lemma 3.4 of |7j, the estimation for this function / still 
results in e^^ * on the right-hand-side, which shows that we are facing the same situation as in (JA.13P . 
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